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Abstract
In this paper we present a robust immersed boundary (IB) method for high density ratio multiphase flows
that is capable of modeling complex wave-structure interaction (WSI) problems arising in marine and coastal
engineering applications. The IB/WSI methodology is enabled by combining the distributed Lagrange
multiplier (DLM) method of Sharma and Patankar (2005) [1] with a robust level set method based multiphase
flow solver. The fluid solver integrates the conservative form of the variable-coefficient incompressible Navier-
Stokes equations using a hybrid preconditioner and ensures consistent transport of mass and momentum at
a discrete level. The consistent transport scheme preserves the numerical stability of the method in the
presence of large density ratios found in problems involving air, water, and an immersed structure. The
air-water interface is captured by the level set method on an Eulerian grid, whereas the free-surface piercing
immersed structure is represented on a Lagrangian mesh. The Lagrangian structure is free to move on
the background Cartesian grid without conforming to the grid lines. The fluid-structure interaction (FSI)
coupling is mediated via Peskin’s regularized delta functions in an implicit manner, which obviates the
need to integrate the hydrodynamic stress tensor on the complex surface of the immersed structure. The
IB/WSI numerical scheme is implemented within an adaptive mesh refinement (AMR) framework, in which
the Lagrangian structure and the air-water interface are embedded on the finest mesh level to capture the
thin boundary layers and the vortical structures arising from WSI. We use a well balanced gravitational force
discretization that eliminates spurious velocity currents in the hydrostatic limit due to density variation in the
three phases (air, water and solid). We also show that using a non-conservative and an inconsistent fluid solver
can lead to catastrophic failure of the numerical scheme for large density ratio variations that are prevalent
in WSI applications. An effective wave generation and absorption technique for a numerical wave tank is
presented and used to simulate a benchmark case of water wave distortion due to a submerged structure. The
numerical scheme is tested on several benchmark WSI problems from numerical and experimental literature
in both two and three dimensions to demonstrate the applicability of the IB/WSI method to practical marine
and coastal engineering problems.
Keywords: fluid-structure interaction, adaptive mesh refinement , fictitious domain method , distributed
Lagrange multipliers, numerical wave tank , Stokes wave
1. Introduction
Wave-structure interaction phenomena are critical design considerations for marine engineers to ensure
the safe operability of coastal and offshore structures. In marine and coastal engineering applications,
complex floating structures, such as floating oil platforms, wave energy converter (WEC) devices, and foun-
dations of offshore wind turbines, are subject to wave loading, wave run-up, wave scattering, and wave
breaking effects, which can severely damage or affect the performance of these structures.
Recently, development of marine renewable energy has received renewed interest within the scientific
community due to fluctuating oil prices and the negative impact of fossil fuels on the environment. It is
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estimated that 2.11 ± 0.05 TW of coastal wave energy is available globally, with equal amounts in the
Northern and Southern hemispheres [2]. Simulations of WECs can help increase their power extraction
capacity by interrogating the underlying physics. However, many existing numerical models of WECs are
based on simplified flow physics, i.e. by assuming inviscid potential flow equations that are mostly linear [3, 4]
or weakly nonlinear [5, 6]. Viscous drag in such models is generally accounted for by using Morison’s
equation [7], which is valid only for slender offshore structures. Moreover, Morison’s equation has been
obtained empirically from experimental measurements for limited wave conditions and is not valid over all
flow regimes [8, 9]. Therefore, these methods cannot handle free-surface and wave breaking effects around
the structure, which are highly nonlinear in nature. Neglecting realistic sea or ocean conditions can lead
to suboptimal design for WEC devices. Fully-resolved wave-structure interaction simulations of WECs are
closer to reality as they model all three phases, but are considerably costlier than potential flow models in
turnaround time.
Traditionally, fluid-structure interaction (FSI) problems involving the full incompressible Navier-Stokes
(INS) system of equations have been modeled by using Arbitrary Lagrangian-Eulerian (ALE) methods [10] on
body conforming grids. The main advantage of an ALE-like approach is that the boundary conditions on the
fluid-structure [10] or the fluid-fluid [11] interface can be satisfied exactly. For single-phase FSI applications,
ALE methods can be used to obtain high-resolution results, albeit at the cost of frequent re-meshing of the
entire computational domain due to the structural displacement [12]. However for WSI applications where
the air-water interface undergoes non-smooth and non-continuous topological changes due to wave-breaking
processes, the application of ALE methods is not practical.
To overcome these limitations, fictitious domain [13, 1] or immersed boundary (IB) methods [14], com-
bined with level-set [15] or volume of fluid (VOF) approaches [16] are gaining popularity for both single
phase FSI applications and multiphase FSI applications [17, 18, 19, 20, 21, 22]. There are two major imple-
mentation categories of the IB method — diffuse and sharp. In the diffuse IB approach, the fluid equations
are extended inside the structure domain so that regular and fast Cartesian solvers can be used to solve
the INS equations everywhere in the computational domain. An additional body force is applied in the
structure domain, which is conveniently represented on a Lagrangian mesh to constrain the motion of the
fluid occupying the solid region as a rigid body motion. The most efficient way to compute the FSI body
force is through distributed Lagrange multipliers (DLM), a method pioneered by Patankar et al. [13]. A
fractional time stepping approach is used to impose the DLM-based rigidity constraint, which is suitable
for moderate to high Reynolds number flows [1, 23]. For zero Reynolds number Stokes flow, the DLM or
constraint force needs to be computed simultaneously by solving an extended saddle point system, along
with fluid velocity and pressure degrees of freedom. This is because Stokes flow is a purely elliptic system
describing a force equilibration process and any fractional time stepping scheme introduces a large numerical
error in its solution. Kallemov et al. [24] and Usabiaga et al. [25] describe an efficient preconditioner for the
monolithic fluid-DLM solver. The FSI coupling for diffuse IB methods is mediated via Peskin’s regularized
delta functions, in which the Lagrangian DLM force is spread onto the background Eulerian grid and the
fluid velocity is interpolated onto the Lagrangian mesh. The use of regularized delta functions smears the
fluid-structure interface over a few grid cells (according to the delta function support), which makes the
interface diffuse rather than keeping it sharp. In this work we use an efficient fractional time stepping,
diffuse DLM approach to model WSI. Sharp IB methods, on the other hand, imposes the velocity of the
fluid-structure interface at the nearby “IB nodes”. This is achieved by fitting a spatial polynomial (linear or
quadratic) through the solid interface and fluid nodes. The INS equations are solved only at the fluid nodes,
with the IB nodes acting as velocity boundary conditions. The velocity and pressure values for the interior
solid nodes are zeroed-out during the solution procedure, which then creates “punctured” domain effects.
The most notable sharp IB method implementations and their extensions have been carried by Borazjani et
al. [26], Mittal et al. [27], Udaykumar et al. [28], and Tseng and Ferziger [29].
There are several advantages and disadvantages to both diffuse and sharp IB methods. For example,
diffuse IB methods permit a continuous solution of velocity and pressure in the entire domain, which elim-
inates “spurious force oscillations” (SFO) in the time histories of the integrated drag and lift quantities
for the moving immersed bodies. In contrast, spurious force oscillations are an outstanding issue for the
sharp IB methodology because of the punctured domain effect [30, 31, 22]. Since the solution is continu-
ous throughout the domain for diffuse IB methods, there are no issues with “fresh” and “dead” fluid cells
when the structure changes it location in the domain, which is an challenging issue for sharp IB methods.
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Diffuse IB methods also allow for an implicit coupling of the fluid and structure domains without requiring
hydrodynamic stress tensor computations on the (possibly complex) surface of the immersed structure [32].
In contrast, sharp IB methods compute pointwise hydrodynamic forces on the immersed surface and often
require several fluid and structure solver iterations to converge to a stable solution within a single time
step [18, 33]. The main disadvantage of diffuse IB methods is the smearing of the fluid-structure interface
over few grid cells, which reduces the accuracy of the solution near the interface. The order of accuracy for
diffuse IB methods is generally between one and two; the former for non-smooth and the latter for sufficiently
smooth FSI problems. In contrast, sharp IB methods retain full second-order accuracy by sharply resolving
the fluid-structure interface. Diffuse IB methods are also known to produce non-smooth pointwise hydro-
dynamic stress on the immersed surface even though the net hydrodynamic force and torque are smooth
and SFO-free. This issue can however be mitigated by interpolating the hydrodynamic stress sufficiently
far away from the fluid-structure interface. The lack of geometric information for the immersed surface also
makes the implementation of wall functions required for turbulence modeling difficult for diffuse IB methods.
For sharp IB methods, application of Robin-type boundary conditions and implementing wall functions is
quite natural. The SFO in sharp IB methods can be mitigated by increasing the grid resolution and using
larger time steps. However, very refined meshes can make the simulations extremely expensive and the use
of large time steps can make them unstable unless fully implicit time stepping schemes are used for the INS
equations. The demarcation of grid nodes into “IB nodes”, “fluid nodes” and “solid nodes” is a computa-
tionally taxing task as well and a novice procedure to reconstruct the IB node velocity (from interface and
fluid nodes) can lead to numerical instabilities for certain geometric configurations of the interface relative
to the background Cartesian grid [33, 29, 27]. We remark that in spite of the aforementioned shortcomings
of the diffuse and sharp IB methods, both have been applied successfully to solve complicated engineering
problems. Combined with level set or volume of fluid methods that can capture the air-water interface on
Eulerian grids, these IB methods allow for an efficient solution of topologically complex WSI problems.
An issue that is unique to WSI or two-phase multiphase flows is the presence of highly contrasting density
ratios in the computational domain. High density ratio multiphase flows are known to develop numerical
instabilities whenever convection is the dominant physical process [22, 34, 35, 36, 37, 19, 38, 39]. Recently the
multiphase community (including us) has proposed several stabilizing remedies for convection-dominated,
high density ratio multiphase flows, for solvers based on both volume of fluid and level set methods [34, 35, 19].
The underlying cause of the instability is the inconsistent transport of mass and momentum at a discrete
level. In this work we achieve a consistent transport of mass and momentum by solving an additional
mass balance equation using a strong-stability preserving Runge-Kutta (SSP-RK3) integrator [40]. The
mass flux that updates the density variable is also used to construct a discrete convective operator for
the momentum equation. This necessarily requires solving the conservative form of the mass balance and
momentum equations. The strong coupling between (discrete) mass and momentum convective operators
preserves the stability of the numerical scheme for density ratios as high as 106. Our multiphase flow solver
is based on the level set method, which makes the implementation of the proposed IB/WSI methodology
relatively easier (than VOF methods) on locally refined meshes. We employ a hybrid preconditioner that
solves the velocity and pressure degrees of freedom simultaneously, i.e., we do not use a projection-method
(which is an operator-splitting approach) to solve the INS equations [41]. Only the distributed Lagrange
multipliers for the FSI coupling are imposed via operator-splitting. For computational efficiency the air-
water interface and the immersed structure are resolved on the finest mesh level, whereas the rest of the
computational domain is resolved on progressively coarser grids. Therefore, we are able to capture important
flow features at a substantially reduced computational cost, especially in 3D. Since we extend the fluid
equations inside the solid domain and since the density of the structure is different than surrounding fluid
(almost always heavier than air for WSI applications), the gravitational body force can produce spurious
velocity currents near the fluid-structure interface for certain cases. Similarly, due to the density contrast of
air and water, spurious velocity currents can also form near the air-water interface. In this work we employ
a well-balanced gravity force discretization that eliminates such spurious currents near the air-water-solid
interface even in the hydrostatic limit. Section 8.4 provides a numerical example that highlights this problem
and shows the numerical “fix”.
The remainder of the paper is organized as follows. We first introduce the continuous and discrete system
of equations in Secs. 2 and 3, respectively. Next we discuss the solution methodology in Sec. 4. Section 5
comments on the well-balanced gravity force implementation and Sec. 8.4 presents the corresponding nu-
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merical example. Software implementation is described in Sec. 6. Section 7 describes the implementation of
a numerical wave tank based on the level set method, and demonstrates the interaction of a Stokes second-
order wave in the presence of a submerged structure. Finally, more complicated three-phase flow examples
that demonstrate the applicability of the proposed IB/WSI methodology to simulate free-surface piercing
and floating structures are presented in Sec. 8. We also contrast the consistent results from the conserva-
tive flow solver against the unstable results obtained from an inconsistent and non-conservative flow solver
to highlight the importance of consistent mass and momentum transport for practical WSI applications.
Wherever possible, simulation results from locally refined grids are presented.
2. The continuous equations of motion
2.1. Multiphase constraint immersed boundary formulation
We begin by stating the governing equations for a multiphase fluid-structure system occupying a fixed
region of space Ω ⊂ Rd, for d = 2 or 3 spatial dimensions. In the immersed boundary formulation, a fixed
Eulerian coordinate system x = (x1, . . . , xd) ∈ Ω is used to describe the momentum equation and divergence-
free condition for both the fluid and structure. It is convenient to employ a Lagrangian description of the
immersed body configuration, in which s = (s1, . . . sd) ∈ B denotes the fixed material coordinate system
attached to the structure and B ⊂ Rd is the Lagrangian curvilinear coordinate domain. The position of the
immersed structure occupying a volumetric region Vb(t) ⊂ Ω at time t is denoted by X(s, t). In contrast with
the previous formulation of the DLM or constraint immersed boundary method [23], we allow for a spatially
and temporally varying density ρ(x, t) and dynamic viscosity µ(x, t), implying that the structure can be
heavier or lighter than the surrounding fluids. Hence, the equations of motion for the coupled fluid-structure
system in conservative form are
∂ρu(x, t)
∂t
+∇ · ρu(x, t)u(x, t) = −∇p(x, t) +∇ · [µ (∇u(x, t) +∇u(x, t)T )]+ ρg + f s(x, t) + f c(x, t), (1)
∇ · u(x, t) = 0, (2)
f c(x, t) =
∫
B
F(s, t) δ(x−X(s, t)) ds, (3)
U(s, t) =
∫
Ω
u(x, t) δ(x−X(s, t)) dx, (4)
∂X
∂t
(s, t) = U(s, t). (5)
Eqs. (1) and (2) are the incompressible Navier-Stokes momentum and continuity equations written in
Eulerian form, in which u(x, t) is the velocity, p(x, t) is the pressure, and f c(x, t) is the Eulerian constraint
force density, which is non-zero only in the structure region. The gravitational acceleration is denoted by
g = (g1, . . . , gd), and f s(x, t) is the continuum surface tension force. The interactions between Eulerian
and Lagrangian quantitates are facilitated by Dirac delta function kernels, in which the d-dimensional delta
function is δ(x) = Πdi=1δ(xi). Eq. (3) converts the Lagrangian force density F(s, t) into an equivalent
Eulerian density f c(x, t), in an operation called force spreading. Eq. (4) determines the physical velocity of
each Lagrangian material point from the background Eulerian velocity field in an operation called velocity
interpolation. This ensures that the immersed structure moves according to the local value of the velocity
field u(x, t) (Eq. (5)), and thus the no-slip condition is satisfied at fluid-solid interfaces. Using short-hand
notation, the force spreading operation is denoted by f c = S[X] F, in which S[X] is the force-spreading
operator and the velocity interpolation operation is denoted by ∂X∂t = U = J [X] u, in which J [X] is the
velocity-interpolation operator. It can be shown that if S and J are taken to be adjoint operators, i.e.
S = J ∗, then the Lagrangian-Eulerian coupling conserves energy [14].
The specific rigidity constraint imposed within the structure domain, written in Lagrangian form, is given
by
1
2
[∇U(s, t) +∇U(s, t)T ] = 0, (6)
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which states that the body has zero deformation rate and must undergo a rigid body motion [13]. In the
present work, we compute a discrete approximation to the constraint force F(s, t), although a numerical
method that enforces this constraint exactly for a range of Reynolds numbers (including zero Reynolds
number Stokes flow) has been described by one of us in [24, 25].
Note that the momentum equation (Eq. (1)) can also be cast to an equivalent non-conservative form.
However, it has been shown that direct discretization of the non-conservative form can lead to numerical in-
stabilities for high density ratio multiphase flows [36, 37, 38, 39, 34]. The differences between the conservative
and non-conservative flow solvers will be discussed in later sections.
2.2. Interface tracking for material properties
Next, we describe the governing equations for tracking and transporting material properties. Suppose
a liquid of density ρl and viscosity µl occupies a region Ωl(t) ⊂ Ω, while a gas of density ρg and viscosity
µg occupies a region Ωg(t) ⊂ Ω. The codimension-1 interface between these two fluids is denoted by
Γ(t) = Ωl ∩Ωg can be tracked as the zero contour of a scalar function φ(x, t), which is the so-called level set
function [15, 42, 43],
Γ(t) = {x ∈ Ω | φ(x, t) = 0}. (7)
Level set methods are particularly well-suited for tracking liquid-gas interfaces undergoing complex topolog-
ical changes and are relatively simple to implement in both two and three spatial dimensions, and on locally
refined meshes. It is also useful to define an additional level set function ψ(x, t) to track the boundary of
the immersed structure Sb(t) = ∂Vb(t). Using this auxiliary field, the density ρs and the viscosity µs in the
solid region can be readily prescribed in the Eulerian regions occupied by the solid Vb(t) ⊂ Ω. Both level set
functions are passively advected by the incompressible fluid velocity, which in conservative form reads
∂φ
∂t
+∇ · φu = 0, (8)
∂ψ
∂t
+∇ · ψu = 0. (9)
The material properties including density and viscosity in the three phases are determined as a function of
these two scalar fields by
ρ(x, t) = ρ(φ(x, t), ψ(x, t)), (10)
µ(x, t) = µ(φ(x, t), ψ(x, t)). (11)
The discretized form of Eqs. (10) and (11) are defined in Section 4.1 using regularized Heaviside functions.
One particularly useful level set function is the signed distance function, which can be prescribed as initial
conditions to Eqs. (8) and (9)
φ (x, 0) =

min
y∈Γ(0)
‖x− y‖, x ∈ Ωg(0),
− min
y∈Γ(0)
‖x− y‖, x ∈ Ωl(0),
(12)
ψ (x, 0) =

min
y∈Sb(0)
‖x− y‖, x 6∈ Vb(0),
− min
y∈Sb(0)
‖x− y‖, x ∈ Vb(0).
(13)
However, we note that φ and ψ generally will not remain signed distance functions under advection by Eqs. (8)
and (9). A reinitialization or redistancing procedure is used to maintain the signed distance property at
every time step. When the fluid properties are determined from the level set fields, we need initial conditions
for φ and ψ but not for ρ or µ.
3. Spatial discretization
This section describes the discrete form of the governing equations for the coupled fluid-structure sys-
tem. Eulerian quantities are discretized on a staggered Cartesian grid, whereas Lagrangian quantities are
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approximated on a collection of immersed markers that can be arbitrarily positioned on the grid. A regu-
larized version of the Dirac delta function is used to facilitate the velocity interpolation and force spreading
operations. Therefore, we are not employing a body-conforming mesh to the fluid-structure interface since
the structure markers need not conform to the Eulerian grid.
Throughout this section, we describe the discretization for d = 3 spatial dimensions; the discretization
in two spatial dimensions is analogous. For simplicity, we describe the case for which there is no local grid
refinement in the domain, although this is not a limitation of the present formulation. Details on adaptive
mesh refinement are delegated to Sec. 3.4. Finally, we note that evaluating the discrete operators described
in this section near boundaries of the computational domain and locally refined mesh boundaries requires
the specification of adjacent “ghost” cells. For more details on the treatment of boundary conditions and
coarse-fine interfaces, we refer readers to [23, 34, 44, 45].
3.1. Eulerian discretization
We employ a staggered grid discretization for quantities described in the Eulerian frame. A Nx×Ny×Nz
Cartesian grid covers the physical, rectangular domain Ω with mesh spacing ∆x, ∆y, and ∆z in each
direction. Without loss of generality, we assume that the bottom left corner of the domain is situated at the
origin (0, 0, 0). Therefore, each cell center of the grid has position xi,j,k =
(
(i+ 12 )∆x, (j +
1
2 )∆y, (k +
1
2 )∆z
)
for i = 0, . . . , Nx − 1, j = 0, . . . , Ny − 1, and k = 0, . . . , Nz − 1. For a given cell (i, j, k), xi− 12 ,j,k =(
i∆x, (j + 12 )∆y, (k +
1
2 )∆z
)
is the physical location of the cell face that is half a grid space away from xi,j,k
in the x-direction, xi,j− 12 ,k =
(
(i+ 12 )∆x, j∆y, (k +
1
2 )∆z
)
is the physical location of the cell face that is half
a grid cell away from xi,j,k in the y-direction, and xi,j,k− 12 =
(
(i+ 12 )∆x, (j +
1
2 )∆y, k∆z
)
is the physical
location of the cell face that is half a grid cell away from xi,j,k in the z-direction. The pressure degrees of
freedom are approximated at cell centers and are denoted by pni,j,k ≈ p (xi,j,k, tn), in which tn is the time
at time step n. Similarly, the flow and structure level set functions are also defined at cell centers and are
denoted by φni,j,k ≈ φ (xi,j,k, tn) and ψni,j,k ≈ ψ (xi,j,k, tn), respectively.
Velocity components are staggered and defined on their respective cell faces: un
i− 12 ,j,k
≈ u
(
xi− 12 ,j,k, t
n
)
,
vn
i,j− 12 ,k
≈ v
(
xi,j− 12 ,k, t
n
)
, and wn
i,j,k− 12
≈ w
(
xi,j,k− 12 , t
n
)
. The components of various body forces on
the right-hand side of the momentum equation (Eq. (1)) are similarly approximated on respective faces
of the staggered grid. The density and viscosity are approximated at cell centers and are denoted by
ρni,j,k ≈ ρ (xi,j,k, tn) and µni,j,k ≈ µ (xi,j,k, tn). These quantities are interpolated onto the required degrees of
freedom as needed [34].
Standard second-order finite differences are used to approximate spatial derivative operators and are
denoted with h subscripts; i.e. ∇ ≈ ∇h. The full description of these staggered grid discretizations have
been recorded in various prior studies and we refer readers to [34, 41, 44, 46, 47] for more details.
3.2. Lagrangian discretization
Quantities attached to the structure are described in a Lagrangian frame on immersed markers that
are free to arbitrarily cut through the background Cartesian mesh. These nodes are indexed by (l,m, n)
with curvilinear mesh spacings (∆s1,∆s2,∆s3). An arbitrary quantity can be discretely approximated on
a marker points as Φnl,m,n ≈ Φ(sl,m,n, tn) = Φ(l∆s1,m∆s2, n∆s3, tn) at time tn. Henceforth the position,
velocity, and force of a marker point are denoted as Xl,m,n, Ul,m,n, and Fl,m,n. In this work we only
consider rigid bodies without any constitutive model applied in the structure domain, and therefore explicit
mesh connectivity information is not needed [23]. See Fig. 1 for a sketch of the discretization in two spatial
dimensions.
3.3. Lagrangian-Eulerian interaction
Finally, the transfer of quantities between the Eulerian and Lagrangian coordinate systems requires
discrete approximations to the velocity interpolation and force spreading operations to be defined. We
briefly summarize them here to complete the description of the spatial discretization.
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Ωg(t)
<latexit sha1_base64="qL7pRjWCu0nmpvtzDNhagOQ2DtQ=">AAAB+3icbZDLSgNBEEV7fMb4GuPSTWMQ4ibMiKDLoBt3RjAPyITQ06kkTXoedNdIwjC/4saFIm79EXf+jZ1kFpp4oeFwq4qqvn4shUbH+bbW1jc2t7YLO8Xdvf2DQ/uo1NRRojg0eCQj1faZBilCaKBACe1YAQt8CS1/fDurt55AaRGFjziNoRuwYSgGgjM0Vs8uefcBDFnPQ5hgOswqeN6zy07VmYuugptDmeSq9+wvrx/xJIAQuWRad1wnxm7KFAouISt6iYaY8TEbQsdgyALQ3XR+e0bPjNOng0iZFyKdu78nUhZoPQ180xkwHOnl2sz8r9ZJcHDdTUUYJwghXywaJJJiRGdB0L5QwFFODTCuhLmV8hFTjKOJq2hCcJe/vArNi6pr+OGyXLvJ4yiQE3JKKsQlV6RG7kidNAgnE/JMXsmblVkv1rv1sWhds/KZY/JH1ucP0muUSA==</latexit><latexit sha1_base64="qL7pRjWCu0nmpvtzDNhagOQ2DtQ=">AAAB+3icbZDLSgNBEEV7fMb4GuPSTWMQ4ibMiKDLoBt3RjAPyITQ06kkTXoedNdIwjC/4saFIm79EXf+jZ1kFpp4oeFwq4qqvn4shUbH+bbW1jc2t7YLO8Xdvf2DQ/uo1NRRojg0eCQj1faZBilCaKBACe1YAQt8CS1/fDurt55AaRGFjziNoRuwYSgGgjM0Vs8uefcBDFnPQ5hgOswqeN6zy07VmYuugptDmeSq9+wvrx/xJIAQuWRad1wnxm7KFAouISt6iYaY8TEbQsdgyALQ3XR+e0bPjNOng0iZFyKdu78nUhZoPQ180xkwHOnl2sz8r9ZJcHDdTUUYJwghXywaJJJiRGdB0L5QwFFODTCuhLmV8hFTjKOJq2hCcJe/vArNi6pr+OGyXLvJ4yiQE3JKKsQlV6RG7kidNAgnE/JMXsmblVkv1rv1sWhds/KZY/JH1ucP0muUSA==</latexit><latexit sha1_base64="qL7pRjWCu0nmpvtzDNhagOQ2DtQ=">AAAB+3icbZDLSgNBEEV7fMb4GuPSTWMQ4ibMiKDLoBt3RjAPyITQ06kkTXoedNdIwjC/4saFIm79EXf+jZ1kFpp4oeFwq4qqvn4shUbH+bbW1jc2t7YLO8Xdvf2DQ/uo1NRRojg0eCQj1faZBilCaKBACe1YAQt8CS1/fDurt55AaRGFjziNoRuwYSgGgjM0Vs8uefcBDFnPQ5hgOswqeN6zy07VmYuugptDmeSq9+wvrx/xJIAQuWRad1wnxm7KFAouISt6iYaY8TEbQsdgyALQ3XR+e0bPjNOng0iZFyKdu78nUhZoPQ180xkwHOnl2sz8r9ZJcHDdTUUYJwghXywaJJJiRGdB0L5QwFFODTCuhLmV8hFTjKOJq2hCcJe/vArNi6pr+OGyXLvJ4yiQE3JKKsQlV6RG7kidNAgnE/JMXsmblVkv1rv1sWhds/KZY/JH1ucP0muUSA==</latexit><latexit sha1_base64="qL7pRjWCu0nmpvtzDNhagOQ2DtQ=">AAAB+3icbZDLSgNBEEV7fMb4GuPSTWMQ4ibMiKDLoBt3RjAPyITQ06kkTXoedNdIwjC/4saFIm79EXf+jZ1kFpp4oeFwq4qqvn4shUbH+bbW1jc2t7YLO8Xdvf2DQ/uo1NRRojg0eCQj1faZBilCaKBACe1YAQt8CS1/fDurt55AaRGFjziNoRuwYSgGgjM0Vs8uefcBDFnPQ5hgOswqeN6zy07VmYuugptDmeSq9+wvrx/xJIAQuWRad1wnxm7KFAouISt6iYaY8TEbQsdgyALQ3XR+e0bPjNOng0iZFyKdu78nUhZoPQ180xkwHOnl2sz8r9ZJcHDdTUUYJwghXywaJJJiRGdB0L5QwFFODTCuhLmV8hFTjKOJq2hCcJe/vArNi6pr+OGyXLvJ4yiQE3JKKsQlV6RG7kidNAgnE/JMXsmblVkv1rv1sWhds/KZY/JH1ucP0muUSA==</latexit>
Ωl(t)
<latexit sha1_base64="UTWruI0wV/gmJIQYXwiDHEfm7dE=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxC3ZREBF0W3bizgr1AE8JketIOnVyYOZGWkFdx40IRt76IO9/GaZuFtv4w8PGfczhnfj8RXKFlfRtr6xubW9ulnfLu3v7BYeWo2lFxKhm0WSxi2fOpAsEjaCNHAb1EAg19AV1/fDurd59AKh5HjzhNwA3pMOIBZxS15VWqzn0IQ+o5CBPMRF7Hc69SsxrWXOYq2AXUSKGWV/lyBjFLQ4iQCapU37YSdDMqkTMBedlJFSSUjekQ+hojGoJys/ntuXmmnYEZxFK/CM25+3sio6FS09DXnSHFkVquzcz/av0Ug2s341GSIkRssShIhYmxOQvCHHAJDMVUA2WS61tNNqKSMtRxlXUI9vKXV6Fz0bA1P1zWmjdFHCVyQk5JndjkijTJHWmRNmFkQp7JK3kzcuPFeDc+Fq1rRjFzTP7I+PwB2hOUTQ==</latexit><latexit sha1_base64="UTWruI0wV/gmJIQYXwiDHEfm7dE=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxC3ZREBF0W3bizgr1AE8JketIOnVyYOZGWkFdx40IRt76IO9/GaZuFtv4w8PGfczhnfj8RXKFlfRtr6xubW9ulnfLu3v7BYeWo2lFxKhm0WSxi2fOpAsEjaCNHAb1EAg19AV1/fDurd59AKh5HjzhNwA3pMOIBZxS15VWqzn0IQ+o5CBPMRF7Hc69SsxrWXOYq2AXUSKGWV/lyBjFLQ4iQCapU37YSdDMqkTMBedlJFSSUjekQ+hojGoJys/ntuXmmnYEZxFK/CM25+3sio6FS09DXnSHFkVquzcz/av0Ug2s341GSIkRssShIhYmxOQvCHHAJDMVUA2WS61tNNqKSMtRxlXUI9vKXV6Fz0bA1P1zWmjdFHCVyQk5JndjkijTJHWmRNmFkQp7JK3kzcuPFeDc+Fq1rRjFzTP7I+PwB2hOUTQ==</latexit><latexit sha1_base64="UTWruI0wV/gmJIQYXwiDHEfm7dE=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxC3ZREBF0W3bizgr1AE8JketIOnVyYOZGWkFdx40IRt76IO9/GaZuFtv4w8PGfczhnfj8RXKFlfRtr6xubW9ulnfLu3v7BYeWo2lFxKhm0WSxi2fOpAsEjaCNHAb1EAg19AV1/fDurd59AKh5HjzhNwA3pMOIBZxS15VWqzn0IQ+o5CBPMRF7Hc69SsxrWXOYq2AXUSKGWV/lyBjFLQ4iQCapU37YSdDMqkTMBedlJFSSUjekQ+hojGoJys/ntuXmmnYEZxFK/CM25+3sio6FS09DXnSHFkVquzcz/av0Ug2s341GSIkRssShIhYmxOQvCHHAJDMVUA2WS61tNNqKSMtRxlXUI9vKXV6Fz0bA1P1zWmjdFHCVyQk5JndjkijTJHWmRNmFkQp7JK3kzcuPFeDc+Fq1rRjFzTP7I+PwB2hOUTQ==</latexit><latexit sha1_base64="UTWruI0wV/gmJIQYXwiDHEfm7dE=">AAAB+3icbZDLSsNAFIYnXmu91bp0EyxC3ZREBF0W3bizgr1AE8JketIOnVyYOZGWkFdx40IRt76IO9/GaZuFtv4w8PGfczhnfj8RXKFlfRtr6xubW9ulnfLu3v7BYeWo2lFxKhm0WSxi2fOpAsEjaCNHAb1EAg19AV1/fDurd59AKh5HjzhNwA3pMOIBZxS15VWqzn0IQ+o5CBPMRF7Hc69SsxrWXOYq2AXUSKGWV/lyBjFLQ4iQCapU37YSdDMqkTMBedlJFSSUjekQ+hojGoJys/ntuXmmnYEZxFK/CM25+3sio6FS09DXnSHFkVquzcz/av0Ug2s341GSIkRssShIhYmxOQvCHHAJDMVUA2WS61tNNqKSMtRxlXUI9vKXV6Fz0bA1P1zWmjdFHCVyQk5JndjkijTJHWmRNmFkQp7JK3kzcuPFeDc+Fq1rRjFzTP7I+PwB2hOUTQ==</latexit>
(a) Continuous domain
x ∈ Ω
<latexit sha1_base64="vzN3rDTpH0hc9j2ghbA213wCZXQ=">AAAB/nicbVBNSwMxF Hxbv2r9WhVPXoJF8FR2RdBj0Ys3K9ha6JaSTbNtaJJdkqxYloJ/xYsHRbz6O7z5b8y2e9DWgcAw8x5vMmHCmTae9+2UlpZXVtfK65WNza3tHXd3r6XjVBHaJDGPVTvEmnImadMww2 k7URSLkNP7cHSV+/cPVGkWyzszTmhX4IFkESPYWKnnHgQCm2EYZY8TFDCJghtBB7jnVr2aNwVaJH5BqlCg0XO/gn5MUkGlIRxr3fG9xHQzrAwjnE4qQappgskID2jHUokF1d1sGn+ Cjq3SR1Gs7JMGTdXfGxkWWo9FaCfzsHrey8X/vE5qootuxmSSGirJ7FCUcmRilHeB+kxRYvjYEkwUs1kRGWKFibGNVWwJ/vyXF0nrtOZbfntWrV8WdZThEI7gBHw4hzpcQwOaQCCD Z3iFN+fJeXHenY/ZaMkpdvbhD5zPH++ylXM=</latexit><latexit sha1_base64="vzN3rDTpH0hc9j2ghbA213wCZXQ=">AAAB/nicbVBNSwMxF Hxbv2r9WhVPXoJF8FR2RdBj0Ys3K9ha6JaSTbNtaJJdkqxYloJ/xYsHRbz6O7z5b8y2e9DWgcAw8x5vMmHCmTae9+2UlpZXVtfK65WNza3tHXd3r6XjVBHaJDGPVTvEmnImadMww2 k7URSLkNP7cHSV+/cPVGkWyzszTmhX4IFkESPYWKnnHgQCm2EYZY8TFDCJghtBB7jnVr2aNwVaJH5BqlCg0XO/gn5MUkGlIRxr3fG9xHQzrAwjnE4qQappgskID2jHUokF1d1sGn+ Cjq3SR1Gs7JMGTdXfGxkWWo9FaCfzsHrey8X/vE5qootuxmSSGirJ7FCUcmRilHeB+kxRYvjYEkwUs1kRGWKFibGNVWwJ/vyXF0nrtOZbfntWrV8WdZThEI7gBHw4hzpcQwOaQCCD Z3iFN+fJeXHenY/ZaMkpdvbhD5zPH++ylXM=</latexit><latexit sha1_base64="vzN3rDTpH0hc9j2ghbA213wCZXQ=">AAAB/nicbVBNSwMxF Hxbv2r9WhVPXoJF8FR2RdBj0Ys3K9ha6JaSTbNtaJJdkqxYloJ/xYsHRbz6O7z5b8y2e9DWgcAw8x5vMmHCmTae9+2UlpZXVtfK65WNza3tHXd3r6XjVBHaJDGPVTvEmnImadMww2 k7URSLkNP7cHSV+/cPVGkWyzszTmhX4IFkESPYWKnnHgQCm2EYZY8TFDCJghtBB7jnVr2aNwVaJH5BqlCg0XO/gn5MUkGlIRxr3fG9xHQzrAwjnE4qQappgskID2jHUokF1d1sGn+ Cjq3SR1Gs7JMGTdXfGxkWWo9FaCfzsHrey8X/vE5qootuxmSSGirJ7FCUcmRilHeB+kxRYvjYEkwUs1kRGWKFibGNVWwJ/vyXF0nrtOZbfntWrV8WdZThEI7gBHw4hzpcQwOaQCCD Z3iFN+fJeXHenY/ZaMkpdvbhD5zPH++ylXM=</latexit><latexit sha1_base64="vzN3rDTpH0hc9j2ghbA213wCZXQ=">AAAB/nicbVBNSwMxF Hxbv2r9WhVPXoJF8FR2RdBj0Ys3K9ha6JaSTbNtaJJdkqxYloJ/xYsHRbz6O7z5b8y2e9DWgcAw8x5vMmHCmTae9+2UlpZXVtfK65WNza3tHXd3r6XjVBHaJDGPVTvEmnImadMww2 k7URSLkNP7cHSV+/cPVGkWyzszTmhX4IFkESPYWKnnHgQCm2EYZY8TFDCJghtBB7jnVr2aNwVaJH5BqlCg0XO/gn5MUkGlIRxr3fG9xHQzrAwjnE4qQappgskID2jHUokF1d1sGn+ Cjq3SR1Gs7JMGTdXfGxkWWo9FaCfzsHrey8X/vE5qootuxmSSGirJ7FCUcmRilHeB+kxRYvjYEkwUs1kRGWKFibGNVWwJ/vyXF0nrtOZbfntWrV8WdZThEI7gBHw4hzpcQwOaQCCD Z3iFN+fJeXHenY/ZaMkpdvbhD5zPH++ylXM=</latexit>
X ∈ Vb(t)
<latexit sha1_base64="aEwHRScOHV9p2ToHkd3zAiBlalU=">AAAB/nicdZDLSgMxFIYzXmu9jYorN8Ei1E2ZsWLbXdGNywr2Ap1SMmmmDc1khuSMUIaCr+LGhSJufQ53vo2ZtoKKHhL4+M855M/vx4JrcJwPa2l5ZXVtPbeR39za3tm19/ZbOkoUZU0aiUh1fKKZ4JI1gYNgnVgxEvqCtf3xVdZv3zGleSRvYRKzXkiGkgecEjBS3z70QgIjP0g7U+xxiVt9vwinfbvglJxyrVKp4QzK5mTg1KruBXYNZFVAi2r07XdvENEkZBKoIFp3XSeGXkoUcCrYNO8lmsWEjsmQdQ1KEjLdS2f2p/jEKAMcRMpcCXimft9ISaj1JPTNZGZW/+5l4l+9bgJBtZdyGSfAJJ0/FCQCQ4SzLPCAK0ZBTAwQqrjxiumIKELBJJY3IXz9FP8PrbOSa/jmvFC/XMSRQ0foGBWRiyqojq5RAzURRSl6QE/o2bq3Hq0X63U+umQtdg7Qj7LePgGFFZUx</latexit><latexit sha1_base64="aEwHRScOHV9p2ToHkd3zAiBlalU=">AAAB/nicdZDLSgMxFIYzXmu9jYorN8Ei1E2ZsWLbXdGNywr2Ap1SMmmmDc1khuSMUIaCr+LGhSJufQ53vo2ZtoKKHhL4+M855M/vx4JrcJwPa2l5ZXVtPbeR39za3tm19/ZbOkoUZU0aiUh1fKKZ4JI1gYNgnVgxEvqCtf3xVdZv3zGleSRvYRKzXkiGkgecEjBS3z70QgIjP0g7U+xxiVt9vwinfbvglJxyrVKp4QzK5mTg1KruBXYNZFVAi2r07XdvENEkZBKoIFp3XSeGXkoUcCrYNO8lmsWEjsmQdQ1KEjLdS2f2p/jEKAMcRMpcCXimft9ISaj1JPTNZGZW/+5l4l+9bgJBtZdyGSfAJJ0/FCQCQ4SzLPCAK0ZBTAwQqrjxiumIKELBJJY3IXz9FP8PrbOSa/jmvFC/XMSRQ0foGBWRiyqojq5RAzURRSl6QE/o2bq3Hq0X63U+umQtdg7Qj7LePgGFFZUx</latexit><latexit sha1_base64="aEwHRScOHV9p2ToHkd3zAiBlalU=">AAAB/nicdZDLSgMxFIYzXmu9jYorN8Ei1E2ZsWLbXdGNywr2Ap1SMmmmDc1khuSMUIaCr+LGhSJufQ53vo2ZtoKKHhL4+M855M/vx4JrcJwPa2l5ZXVtPbeR39za3tm19/ZbOkoUZU0aiUh1fKKZ4JI1gYNgnVgxEvqCtf3xVdZv3zGleSRvYRKzXkiGkgecEjBS3z70QgIjP0g7U+xxiVt9vwinfbvglJxyrVKp4QzK5mTg1KruBXYNZFVAi2r07XdvENEkZBKoIFp3XSeGXkoUcCrYNO8lmsWEjsmQdQ1KEjLdS2f2p/jEKAMcRMpcCXimft9ISaj1JPTNZGZW/+5l4l+9bgJBtZdyGSfAJJ0/FCQCQ4SzLPCAK0ZBTAwQqrjxiumIKELBJJY3IXz9FP8PrbOSa/jmvFC/XMSRQ0foGBWRiyqojq5RAzURRSl6QE/o2bq3Hq0X63U+umQtdg7Qj7LePgGFFZUx</latexit><latexit sha1_base64="aEwHRScOHV9p2ToHkd3zAiBlalU=">AAAB/nicdZDLSgMxFIYzXmu9jYorN8Ei1E2ZsWLbXdGNywr2Ap1SMmmmDc1khuSMUIaCr+LGhSJufQ53vo2ZtoKKHhL4+M855M/vx4JrcJwPa2l5ZXVtPbeR39za3tm19/ZbOkoUZU0aiUh1fKKZ4JI1gYNgnVgxEvqCtf3xVdZv3zGleSRvYRKzXkiGkgecEjBS3z70QgIjP0g7U+xxiVt9vwinfbvglJxyrVKp4QzK5mTg1KruBXYNZFVAi2r07XdvENEkZBKoIFp3XSeGXkoUcCrYNO8lmsWEjsmQdQ1KEjLdS2f2p/jEKAMcRMpcCXimft9ISaj1JPTNZGZW/+5l4l+9bgJBtZdyGSfAJJ0/FCQCQ4SzLPCAK0ZBTAwQqrjxiumIKELBJJY3IXz9FP8PrbOSa/jmvFC/XMSRQ0foGBWRiyqojq5RAzURRSl6QE/o2bq3Hq0X63U+umQtdg7Qj7LePgGFFZUx</latexit>
(b) Discretized domain
xi− 12 ,j
xi,j− 12
xi,j
Xl,m
<latexit sha1_base64="+sDNsUioy/8KS4tu0zw8xy33d1M=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAguJCS1tM2u6MZlBfuANoTJdNIOnUzCzKRQQv7EjQtF3Pon7vwbJ20FFT0wcDjnXu6ZEySMSmXbH8ba+sbm1nZpp7y7t39waB4dd2WcCkw6OGax6AdIEkY56SiqGOkngqAoYKQXTG8KvzcjQtKY36t5QrwIjTkNKUZKS75pDiOkJkGY9XM/Y5dR7psV23LtK9etQ9uq2c1q3dXEqbmO24COZS9QASu0ffN9OIpxGhGuMENSDhw7UV6GhKKYkbw8TCVJEJ6iMRloylFEpJctkufwXCsjGMZCP67gQv2+kaFIynkU6Mkip/ztFeJf3iBVYdPLKE9SRTheHgpTBlUMixrgiAqCFZtrgrCgOivEEyQQVrqssi7h66fwf9KtWo7md7VK63pVRwmcgjNwARzQAC1wC9qgAzCYgQfwBJ6NzHg0XozX5eiasdo5AT9gvH0CX46UJQ==</latexit><latexit sha1_base64="+sDNsUioy/8KS4tu0zw8xy33d1M=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAguJCS1tM2u6MZlBfuANoTJdNIOnUzCzKRQQv7EjQtF3Pon7vwbJ20FFT0wcDjnXu6ZEySMSmXbH8ba+sbm1nZpp7y7t39waB4dd2WcCkw6OGax6AdIEkY56SiqGOkngqAoYKQXTG8KvzcjQtKY36t5QrwIjTkNKUZKS75pDiOkJkGY9XM/Y5dR7psV23LtK9etQ9uq2c1q3dXEqbmO24COZS9QASu0ffN9OIpxGhGuMENSDhw7UV6GhKKYkbw8TCVJEJ6iMRloylFEpJctkufwXCsjGMZCP67gQv2+kaFIynkU6Mkip/ztFeJf3iBVYdPLKE9SRTheHgpTBlUMixrgiAqCFZtrgrCgOivEEyQQVrqssi7h66fwf9KtWo7md7VK63pVRwmcgjNwARzQAC1wC9qgAzCYgQfwBJ6NzHg0XozX5eiasdo5AT9gvH0CX46UJQ==</latexit><latexit sha1_base64="+sDNsUioy/8KS4tu0zw8xy33d1M=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAguJCS1tM2u6MZlBfuANoTJdNIOnUzCzKRQQv7EjQtF3Pon7vwbJ20FFT0wcDjnXu6ZEySMSmXbH8ba+sbm1nZpp7y7t39waB4dd2WcCkw6OGax6AdIEkY56SiqGOkngqAoYKQXTG8KvzcjQtKY36t5QrwIjTkNKUZKS75pDiOkJkGY9XM/Y5dR7psV23LtK9etQ9uq2c1q3dXEqbmO24COZS9QASu0ffN9OIpxGhGuMENSDhw7UV6GhKKYkbw8TCVJEJ6iMRloylFEpJctkufwXCsjGMZCP67gQv2+kaFIynkU6Mkip/ztFeJf3iBVYdPLKE9SRTheHgpTBlUMixrgiAqCFZtrgrCgOivEEyQQVrqssi7h66fwf9KtWo7md7VK63pVRwmcgjNwARzQAC1wC9qgAzCYgQfwBJ6NzHg0XozX5eiasdo5AT9gvH0CX46UJQ==</latexit><latexit sha1_base64="+sDNsUioy/8KS4tu0zw8xy33d1M=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAguJCS1tM2u6MZlBfuANoTJdNIOnUzCzKRQQv7EjQtF3Pon7vwbJ20FFT0wcDjnXu6ZEySMSmXbH8ba+sbm1nZpp7y7t39waB4dd2WcCkw6OGax6AdIEkY56SiqGOkngqAoYKQXTG8KvzcjQtKY36t5QrwIjTkNKUZKS75pDiOkJkGY9XM/Y5dR7psV23LtK9etQ9uq2c1q3dXEqbmO24COZS9QASu0ffN9OIpxGhGuMENSDhw7UV6GhKKYkbw8TCVJEJ6iMRloylFEpJctkufwXCsjGMZCP67gQv2+kaFIynkU6Mkip/ztFeJf3iBVYdPLKE9SRTheHgpTBlUMixrgiAqCFZtrgrCgOivEEyQQVrqssi7h66fwf9KtWo7md7VK63pVRwmcgjNwARzQAC1wC9qgAzCYgQfwBJ6NzHg0XozX5eiasdo5AT9gvH0CX46UJQ==</latexit>
(c) Single grid cell & Lagrangian marker
Figure 1: (a) Sketch of the immersed structure contained within a domain containing liquid and gas phases. (b) Numerical
discretization of the domain Ω into Eulerian grid cells (, purple) and Lagrangian markers (, orange). (c) A single Cartesian
grid cell on which the components of the velocity field u are approximated on the cell faces (→, black); the pressure p and level
sets φ and ψ are approximated on the cell center (•, black); and the Lagrangian quantities are approximated on the marker
point (, orange), which can be arbitrarily placed on the Eulerian grid.
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3.3.1. In the interior domain
For a given fluid velocity defined on faces of the staggered grid, the discretized velocity interpolation
operation for a particular configuration of Lagrangian markers (i.e. U = J h[X]u) away from the physical
boundary follows the standard treatment
Ul,m,n =
∑
x
i− 1
2
,j,k
∈Ω
ui− 12 ,j,kδh
(
xi− 12 ,j,k −Xl,m,n
)
∆x∆y∆z, (14)
Vl,m,n =
∑
x
i,j− 1
2
,k
∈Ω
vi,j− 12 ,kδh
(
xi,j− 12 ,k −Xl,m,n
)
∆x∆y∆z, (15)
Wl,m,n =
∑
x
i,j,k− 1
2
∈Ω
wi,j,k− 12 δh
(
xi,j,k− 12 −Xl,m,n
)
∆x∆y∆z, (16)
in which δh(x) is a regularized version of the d-dimensional Dirac delta function based on a four-point
kernel function [14]. For a given force density defined on Lagrangian markers, the discretized force spreading
operation f = Sh[X]F reads
(f1)i− 12 ,j,k =
∑
Xl,m,n∈Vb
(F1)l,m,nδh
(
xi− 12 ,j,k −Xl,m,n
)
∆s1∆s2∆s3, (17)
(f2)i,j− 12 ,k =
∑
Xl,m,n∈Vb
(F2)l,m,nδh
(
xi,j− 12 ,k −Xl,m,n
)
∆s1∆s2∆s3, (18)
(f3)i,j,k− 12 =
∑
Xl,m,n∈Vb
(F3)l,m,nδh
(
xi,j,k− 12 −Xl,m,n
)
∆s1∆s2∆s3. (19)
We refer readers to [23, 14] for more details on properties and implementation of the grid transfer operations.
3.3.2. Near the physical boundary
When a Lagrangian marker is near the physical boundary, the support of the standard IB kernel extends
beyond the computational domain. In this case S and J operators are modified to SBC and J BC, respec-
tively, to satisfy the discrete adjointness property SBC = J ∗BC near the physical boundary. Briefly, J BC is
obtained by first filling the ghost cell values abutting the physical domain to satisfy the imposed boundary
conditions (say for velocity) and then using the standard weights of the J operator to interpolate onto the
Lagrangian marker. The adjoint spreading operator near the boundary SBC is obtained by first spreading
to ghost (and interior) cells beyond the physical boundary and then adding back values to the interior cells
by identifying their mirror images in the ghosted region. More details on this construction can be found in
the Appendix of Kallemov et al. [24].
3.4. Adaptive mesh refinement
Some cases presented in this work make use of a structured adaptive mesh refinement (SAMR) framework
to discretize the multiphase fluid-structure interaction equations. These discretization approaches describe
the computational domain as composed of multiple grid levels, which is hereafter known as a grid hierarchy.
Assuming uniform and isotropic mesh refinement, a grid hierarchy with ` levels and coarsest grid spacings
∆x0, ∆y0, and ∆z0 has grid spacings ∆xmin = ∆x0/n
`−1
ref , ∆ymin = ∆y0/n
`−1
ref , and ∆zmin = ∆z0/n
`−1
ref on
the finest grid level, in which nref is the integer refinement ratio between levels. Although not considered
here, both the numerical method and software implementation allow for general refinement ratios.
The locally refined meshes can be static, in that they occupy a fixed region in the domain Ω, or adaptive,
in that some criteria of interest is used to “tag” coarse cells for refinement. In our current implementation,
cells are refined based on two criteria: 1) if the local magnitude of vorticity ‖ω‖i,j,k = ‖∇ × u‖i,j,k exceeds
a relative threshold and 2) if the flow level set function φi,j,k is within some threshold of zero. This ensures
that the important dynamics (e.g., regions of high velocity gradients or the multiphase interfaces) are always
approximated on the most resolved mesh. Additionally, we find that restricting the liquid-gas interface to
the finest grid level can greatly mitigate spurious mass changes typically seen in level set methods. We also
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note that the immersed structure is always placed on the finest grid level, ensuring adequate accuracy near
the fluid-solid interface. We refer readers to prior work by Griffith [45] for additional details on the AMR
discretization methods, which includes a description of the refine and coarsen operations carried out during
hierarchy regridding and a treatment of the coarse-fine interface ghost cells.
4. Solution methodology
Our strategy for solving the coupled fluid-structure interaction system of equations is similar to that of
Bhalla et al. [23]. The numerical method relies on a time-splitting approach, in which we first solve the
incompressible Navier-Stokes equations (Eqs. (1) and (2)) without accounting for the constraints associated
with the motion of the immersed body. We then correct the velocity field to comply with the constrained
Lagrangian velocity field via a projection step. This section also describes additional complexities related to
the multiphase nature of the problems considered in this work.
4.1. Interface tracking and reinitialization
As described in Sec. 2.2, two level set functions are defined for the present numerical method: 1) the
scalar field φ(x, t) whose zero contour represents the liquid-air interface Γ(t) and 2) the scalar field ψ(x, t)
whose zero contour represents the boundary of the immersed structure Sb(t). The transition between different
materials on the Eulerian grid can be completely described by these two level set functions. Indeed if φ and ψ
represent signed distance functions to their respective interfaces, we can define smoothed Heaviside functions
that have been regularized over ncells grid cells on either side of the interfaces (assuming ∆x = ∆y = ∆z),
H˜flowi,j,k =

0, φi,j,k < −ncells∆x,
1
2
(
1 + 1ncells∆xφi,j,k +
1
pi sin
(
pi
ncells∆x
φi,j,k
))
, |φi,j,k| ≤ ncells∆x,
1, otherwise,
(20)
H˜bodyi,j,k =

0, ψi,j,k < −ncells∆x,
1
2
(
1 + 1ncells∆xψi,j,k +
1
pi sin
(
pi
ncells∆x
ψi,j,k
))
, |ψi,j,k| ≤ ncells∆x,
1, otherwise,
(21)
in which we have assumed that the number of transition cells is the same across Γ and Sb. This is not an
inherent limitation of the numerical method, but is true for all the cases considered in the present work. A
given material property ζ (such as ρ or µ) is then set in the whole domain using a two-step process. First,
the material property in the “flowing” phase is set via the liquid-gas level set function
ζflowi,j,k = ζl + (ζg − ζl)H˜flowi,j,k. (22)
Next, the material property is set on cell centers throughout the computational domain, taking into account
the solid phase
ζi,j,k = ζs + (ζ
flow
i,j,k − ζs)H˜bodyi,j,k . (23)
Hence the solid level set always takes precedent over the flow phase. Note that we have assumed that the
liquid phase is represented by negative φ values and the solid phase is represented by negative ψ values,
without loss of generality.
Even if φ and ψ are initially set to be the signed distance function from their respective interfaces, they
are not guaranteed to retain the signed distance property under linear advection, Eqs. (8) and (9). Let
φ˜n+1 denote the flow level set function following an advective transport after time stepping through the
interval
[
tn, tn+1
]
. The flow level set is reinitialized to obtain a signed distance field φn+1 by computing a
steady-state solution to the Hamilton-Jacobi equation
9
φ > 0
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(a) Material properties in the “flowing” phases
ψ < 0
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(b) Material properties in the entire domain
Figure 2: Sketch of the two-stage process for setting the density and viscosity in the computational domain. (a) Material
properties are first prescribed in the “flowing” phase based on the liquid-gas level set function φ (—, black) and ignoring the
structure level set function ψ (---, orange). (b) Material properties are then corrected in the phase occupied by the immersed
body.
∂φ
∂τ
+ sgn
(
φ˜n+1
)
(‖∇φ‖ − 1) = 0, (24)
φ(x, τ = 0) = φ˜n+1(x), (25)
which will yield a solution to the Eikonal equation ‖∇φ‖ = 1 at the end of each time step. We refer the
readers to [34] for more details on the specific discretization of Eqs. (24) and (25), which employs second-
order ENO finite differences combined with a subcell-fix method described by Min [48], and an immobile
interface condition described by Son [49].
Since we only consider relatively simple body geometries in the present work, we can make use of the
positions of the Lagrangian markers to reinitialize the structure level set function. As an example, let a
volumetric sphere body with radius R be made up of Ns Lagrangian markers. At time t
n+1, its center of
mass can be computed as
Xn+1com =
1
Ns
∑
Xl,m,n∈V n+1b
Xn+1l,m,n, (26)
and the structure level set function can be directly recomputed as ψn+1(xi,j,k) = ‖xi,j,k − Xn+1com‖ − R.
(Note that whenever n appears as a superscript, it refers to a time step number, whereas n as a subscript
refers to the indexing of Lagrangian particles.) For more complicated immersed bodies, one can make use
of constructive solid geometry (CGS) concepts or R-functions (see Shapiro [50]) to determine analytical
expressions for various signed distance functions 1. In the present work, we always reinitialize both level set
functions every time step.
4.2. Full time stepping scheme
Next, we describe the temporal discretization over the interval
[
tn, tn+1
]
for the coupled fluid-structure
equations of motion. We employ ncycles cycles of fixed-point iteration per time step, with ncycles = 2 being
used for all the cases in the present work. Note that k appears in superscript to denote the cycle number.
The full time stepping scheme consists of three major operations:
1. Advect the signed distance functions, obtaining φn+1,k+1 and ψn+1,k+1, and the cell-centered viscosity
1R-functions tend to smooth sharp corners of geometries. We prefer CGS over R-functions wherever the former is applicable.
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µn+1,k+1 using the signed distance functions 2.
2. Solve the incompressible Navier-Stokes equations, obtaining u˜n+1,k+1 and p n+
1
2 ,k+1.
3. Enforce the rigidity constraint, obtaining Xn+1,k+1 and the corrected fluid velocity un+1,k+1.
At the beginning of each time step we set k = 0, with un+1,0 = un, pn+
1
2 ,0 = pn−
1
2 , φn+1,0 = φn, ψn+1,0 =
ψn, and Xn+1,0 = Xn. At the initial time step n = 0, these quantities are obtained using the prescribed
initial conditions. The midpoint, time-centered approximations to these quantities are given by un+
1
2 ,k =
1
2
(
un+1,k + un
)
, u˜n+
1
2 ,k = 12
(
u˜n+1,k + un
)
, φn+
1
2 ,k = 12
(
φn+1,k + φn
)
, ψn+
1
2 ,k = 12
(
ψn+1,k + ψn
)
, and
Xn+
1
2 ,k = 12
(
Xn+1,k + Xn
)
. Below, we describe in detail the solution methodology for all three steps.
4.2.1. Scalar advection
The level set functions are updated by discretizing Eqs. (8) and (9), which reads
φn+1,k+1 − φn
∆t
+Q
(
un+
1
2 ,k, φn+
1
2 ,k
)
= 0, (27)
ψn+1,k+1 − ψn
∆t
+Q
(
un+
1
2 ,k, ψn+
1
2 ,k
)
= 0, (28)
in which Q(·, ·) represents an explicit piecewise parabolic method (xsPPM7-limited) approximation to the
linear advection terms on cell centers. We refer the readers to [44, 51] for more details on the numerical
implementation of this flux limiter. Homogenous Neumann boundary conditions for φ and ψ are imposed
on ∂Ω, using a standard ghost value treatment [46].
4.2.2. Incompressible Navier-Stokes solver: Conservative and consistent transport formulation
The incompressible Navier-Stokes equations Eqs. (1) and (2) are discretized and solved for in conservative
form as
ρ˘n+1,k+1u˜n+1,k+1 − ρnun
∆t
+ Cn+1,k = −∇hpn+ 12 ,k+1 + (Lµu˜)n+
1
2 ,k+1 + ρ˘n+1,k+1g + f
n+ 12 ,k+1
s , (29)
∇h · u˜n+1,k+1 = 0, (30)
in which Cn+1,k is an explicit cubic upwind interpolation (CUI-limited) [52, 53, 54] approximation to the
nonlinear convection term, and (Lµu˜)
n+ 12 ,k+1 = 12
[
(Lµu˜)
n+1,k+1
+ (Lµu)
n
]
is a semi-implicit approxima-
tion to the viscous strain rate with (Lµ)
n
= ∇h ·
[
µn
(∇hu +∇huT )n]. The above time-stepping scheme
with ncycles = 2 is similar to a combination of explicit midpoint rule for the convective term and Crank-
Nicolson for the viscous terms. We note that the newest approximation to viscosity µn+1,k+1 is obtained via
the procedure described in Eqs. (22) and (23). The newest approximation to density ρ˘n+1,k+1 in Eq. (29)
is obtained by solving a discretized mass update equation directly on the faces of the staggered grid from
the previous time step and level set synchronized density field ρn (obtained after averaging φn and ψn onto
faces). The discretized density update equation is solved using the third-order accurate strong stability
preserving Runge-Kutta (SSP-RK3) time integrator [40] as follows
ρ˘(1) = ρn −∆tR (unadv,ρnlim) , (31)
ρ˘(2) =
3
4
ρn +
1
4
ρ˘(1) − 1
4
∆tR
(
u
(1)
adv, ρ˘
(1)
lim
)
, (32)
ρ˘n+1,k+1 =
1
3
ρn +
2
3
ρ˘(2) − 2
3
∆tR
(
u
(2)
adv, ρ˘
(2)
lim
)
. (33)
2We first set the cell-centered viscosity and then use harmonic averaging to interpolate onto the appropriate degrees of
freedom.
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Here R (uadv,℘lim) ≈
[
(∇ · (uadv℘lim))i− 12 ,j,k , (∇ · (uadv℘lim))i,j− 12 ,k , (∇ · (uadv℘lim))i,j,k− 12
]
is an ex-
plicit CUI-limited approximation to the linear density advection term; ℘ is either ρ or ρ˘. We distinguish ρ˘,
the density vector obtained via the SSP-RK3 integrator, from ρ, the density vector that is set from the level
set fields. The subscript “adv” indicates the interpolated advective velocity on the faces of face-centered
control volume, and the subscript “lim” indicates the limited value (see Nangia et al. in [34] for details on
obtaining advective and flux-limited fields). We remark that the density integration procedure is occurring
within the overall fixed-point iteration scheme. We have found it to be crucial to use appropriately interpo-
lated and extrapolated velocities to maintain the second-order accuracy of the INS scheme. To wit, for the
first cycle (k = 0), the velocities are
u(1) = 2un − un−1, (34)
u(2) =
3
2
un − 1
2
un−1. (35)
For all remaining cycles (k > 0), the velocities are
u(1) = un+1,k, (36)
u(2) =
3
8
un+1,k +
3
4
un − 1
8
un−1. (37)
Notice that u(1) is an approximation to un+1, and u(2) is an approximation to un+
1
2 . Similarly, ρ˘(1) is an
approximation to ρ˘n+1, and ρ˘(2) is an approximation to ρ˘n+
1
2 . To ensure consistent transport of mass and
momentum fluxes, the convective derivative in Eq. (29) is given by
C
(
u
(2)
adv, ρ˘
(2)
limu
(2)
lim
)
≈

(
∇ ·
(
u
(2)
advρ˘
(2)
limu
(2)
lim
))
i− 12 ,j,k(
∇ ·
(
u
(2)
advρ˘
(2)
limv
(2)
lim
))
i,j− 12 ,k(
∇ ·
(
u
(2)
advρ˘
(2)
limw
(2)
lim
))
i,j,k− 12
 (38)
which uses the same velocity u
(2)
adv and density ρ˘
(2)
lim used to update ρ˘
n+1 in Eq (33). This is the key step
required to strongly couple the mass and momentum convective operators. Results presented in Sec. 8
demonstrate that the consistent discretization is stable for practical air-water density ratio of 103 and pro-
duce significantly more accurate results than the inconsistent discretization for realistic three phase WSI
simulations.
4.2.3. Incompressible Navier-Stokes solver: Non-conservative and inconsistent transport formulation
One can directly use the face-centered density field ρn+1,k+1 obtained through the updated level set
information, φn+1,k+1 and ψn+1,k+1, and integrate the INS equations from [tn, tn+1]. In this scenario the
time stepping scheme reads
ρn+1,k+1
(
u˜n+1,k+1 − un
∆t
+ Nn+
1
2 ,k
)
= −∇hpn+ 12 ,k+1 + (Lµu˜)n+
1
2 ,k+1 + ρn+1,k+1g + f
n+ 12 ,k+1
s , (39)
∇h · u˜n+1,k+1 = 0, (40)
in which Nn+
1
2 ,k is an explicit CUI-limited approximation to the nonlinear convection term in non-conservative
form (i.e. Nn+
1
2 ,k ≈ ∇· (un+ 12 ,kun+ 12 ,k)) [34]. Integrating INS equations in the above manner decouples the
mass and momentum advection and this results in an inconsistent transport of mass flux in the two discrete
operators.
The performance of these two solvers are compared for some of the numerical examples considered in
Sec. 8. In particular, we will show that the non-conservative solver is numerically unstable for highly
contrasting air-water density ratios. When stable, both schemes are second-order accurate in time. The
12
continuum surface tension [55] force f
n+ 12 ,k+1
s is computed as a function of the flow level set field φn+
1
2 ,k+1,
and its treatment is described in [34].
4.2.4. Incompressible Navier-Stokes solver
We obtain the updated velocity u˜n+1,k+1 and pressure pn+
1
2 ,k+1 fields by simultaneously solving Eqs. (29)
and (30) (or Eqs. (39) and (40)) using the flexible GMRES (FGMRES) Krylov solver [56] preconditioned by
a variable-coefficient projection method that is hybridized with a local-viscosity solver [44, 41]. The solvers
have been shown to be second-order accurate in space and to converge for density and viscosity ratios of up
to 106 [34]. Unless otherwise stated, a relative convergence tolerance of 10−10 is specified for the FGMRES
solver, which leads to a converged solution in between 1 and 7 iterations for all of the cases considered here.
4.2.5. Rigid body projection
In general, the velocity field computed from the conservative (Eqs. (29) and (30)) and non-conservative
(Eqs. (39) and (40)) flow solvers will not satisfy the constraints placed in the structure domain (Eq. (6)).
To correct the velocity in Vb(t), we carry out the following projection step [23]
℘n+1,k+1
(
un+1,k+1 − u˜n+1,k+1
∆t
)
= fn+1,k+1c , (41)
in which fn+1,k+1c is the Eulerian constraint force that imposes the rigidity constraint. This force can be
computed by spreading the Lagrangian constraint force Fn+1,k+1l,m,n =
ρs
∆t∆U
n+1,k+1
l,m,n , which is constructed
using the difference between the desired body velocity and the interpolated uncorrected fluid velocity:
fn+1,k+1c = Sh
[
Xn+
1
2 ,k
]
Fn+1,k+1
=
℘n+1,k+1
∆t
Sh
[
Xn+
1
2 ,k
]
∆Un+1,k+1
=
℘n+1,k+1
∆t
Sh
[
Xn+
1
2 ,k
] (
Un+1,k+1b −J h
[
Xn+
1
2 ,k
]
u˜n+1,k+1
)
. (42)
This force is nonzero only in the structure domain. A correction of this type ensures that the fluid velocity
un+1,k+1 in Vb(t) approximately matches that of the body’s Lagrangian velocity U
n+1,k+1
b . Combining
Eqs. (41) and (42) yields a succinct update equation for the Eulerian velocity field
un+1,k+1 = u˜n+1,k+1 + Sh
[
Xn+
1
2 ,k
] (
Un+1,k+1b −J h
[
Xn+
1
2 ,k
]
u˜n+1,k+1
)
, (43)
which is identical to the update described by Bhalla et al. [23] for neutrally buoyant (constant density)
problems. In fact, we simply reuse an existing implementation [57] of the DLM or constraint immersed
boundary method to carry out our multiphase FSI simulations. Note that in general, the corrected velocity
field will not satisfy the discrete continuity equation, i.e. ∇h · un+1,k+1 6= 0. One could apply an additional
velocity projection and pressure correction step to ensure that the final velocity is divergence-free [23], but
we have found that it is not necessary to obtain accurate results. As described previously [44, 34], the initial
value for pressure at the start of each time step pn+
1
2 ,0 does not affect the flow dynamics nor the pressure
solution at the end of the time step pn+
1
2 ; rather it serves as an initial guess to the iterative solution of the
linear system.
Next, we describe a procedure to determine Un+1,k+1b , which is required to compute f
n+1,k+1
c . Since the
structure is constrained to have a vanishing deformation rate tensor, the velocity of each Lagrangian marker
can be decomposed as the following rigid body motion (dropping the time superscripts for now)
(Ub)l,m,n = Ur + Wr ×Rl,m,n, (44)
in which Ur and Wr represent the linear and angular center of mass velocities, respectively, and Rl,m,n =
Xl,m,n−Xcom is the radius vector pointing from the center of mass to the Lagrangian marker position. Two
distinct scenarios are considered in the present work:
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1. Fully prescribed motion:
For problems in which the motion of the body is specified as a function of time, we can directly set
the Lagrangian velocity field at time step n+ 1 as
(Ub)
n+1,k+1
l,m,n = U
n+1
r + W
n+1
r ×Rn+
1
2 ,k
l,m,n , (45)
which is then used to update the position of the Lagrangian markers
Xn+1,k+1l,m,n = X
n
l,m,n + ∆t(Ub)
n+ 12 ,k+1
l,m,n . (46)
This algorithm can be used to simulate one-way FSI problems such as flows past stationary objects or
bodies entering or exiting fluid interfaces with constant velocity.
2. Free-body motion:
For coupled problems in which the body moves as a result of the fluid-structure interaction, we de-
termine the Lagrangian velocity field at time step n + 1 by redistributing the linear and angular
momentum [13, 58, 23] in the structure domain
MbU
n+1,k+1
r =
∑
Xl,m,n∈Vb
ρs
(
J h
[
Xn+
1
2 ,k
]
u˜n+1,k+1
)
l,m,n
∆s1∆s2∆s3, (47)
IbW
n+1,k+1
r =
∑
Xl,m,n∈Vb
ρsR
n+ 12 ,k
l,m,n ×
(
J h
[
Xn+
1
2 ,k
]
u˜n+1,k+1
)
l,m,n
∆s1∆s2∆s3. (48)
Here, Ib =
∑
Xl,m,n∈Vb ρs
(
R
n+ 12 ,k
l,m,n ·R
n+ 12 ,k
l,m,n I−R
n+ 12 ,k
l,m,n ⊗R
n+ 12 ,k
l,m,n
)
is the moment of inertia tensor, in
which I is the d-dimensional identity tensor, and Mb =
∑
Xl,m,n∈Vb ρs∆s1∆s2∆s3 is the mass of the
body. Note that since we assume a uniform density in the solid region, the contribution from ρs cancels
out in the actual implementation of Eqs. (47) and (48). Hence, buoyancy effects due to differences
in the fluid and solid densities are implicitly accounted for by the multiphase fluid solver. Once the
rigid body velocity components are determined, the structure’s velocity and position are updated via
Eqs. (45) and (46).
We remark that the above formulation assumes that the six rigid degrees of freedom either are all
fully prescribed (locked) or all undergoing free-body motion (unlocked). This is not a limitation of the
implementation: we are able to mix and match which degrees of freedom are locked and unlocked. Many
of the numerical examples considered in the present work make use of this flexibility. Finally, we make two
interesting observations in the rigid body projection algorithm:
1. The fluid-structure coupling is implicit, i.e., we are not iterating back-and-forth between a fluid and a
rigid body integrator.
2. We do not need to explicitly evaluate the hydrodynamic stress on the immersed structure to displace
it or solve the fluid equations with internal velocity boundary conditions.
The physical reason behind this implicit coupling can be understood if we consider the hydrodynamic force as
an internal force of the system, which is equal and opposite at the fluid-structure interface. This is the essence
of the fast and efficient DLM method of Sharma and Patankar [1]. This makes our method computationally
more efficient than certain sharp-interface IB approaches, which can require several stability-preserving FSI
iterations and complex velocity and pressure reconstruction techniques at the immersed surface to compute
hydrodynamic forces and moments [18, 33].
5. Prescription of solid density, viscosity and a well-balanced gravitational force
In the case of a neutrally buoyant structure within a single phase flow, the density and viscosity within
Vb(t) is simply taken to be that of the surrounding fluid (i.e. the constant ρ and µ used in the momentum
equation) [23]. However, the choice of the “virtual” fluid that occupies the solid region for multiphase flow
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problems warrants additional discussion. Specification of ρs and µs in this region is required to ensure that
the linear system of equations (29) and (30) is well-posed.
For the “virtual” viscosity, we follow the recommendation of Patel and Natarajan [22] and set µs equal
to that of the largest (most viscous) of all fluids in the problem. In our experience, this choice leads to
accurate FSI simulations and reasonably fast convergence of the FGMRES solver. In cases where the object
is undergoing free-body motion, e.g. a sedimenting sphere, a proper specification of the solid density is vitally
important in order to capture inertia and buoyancy effects due to the structure’s weight. Hence, we must
set ρs based on the physical properties of the body we are trying to simulate.
In cases where the immersed body’s velocity is fully prescribed, we set ρs equal to that of the largest (most
dense) of all the fluids in the problem. Note that when this object is in contact with the less dense phase,
the gravitational term ρg in the momentum equation will generate spurious momentum in the solid phase.
These spurious velocities will contaminate the flow field throughout the duration of simulation and lead to
inaccurate results. In order to mitigate this erroneous momentum generation, we compute the gravitational
body force using only the flow density field ρflow (see Eq. (22) and Fig. 2(a)). Thus for the fully prescribed
kinematics case ρs enters only in the linear operator but not as a gravitational body force in the solid region.
As we showed in our previous work, the gravitational force based on ρflow is well-balanced by the pressure
gradient term [34]. Hence, we in-effect recover a well-balanced gravity force for the coupled three-phase flow
problem as well; we will show in Sec. 8 that no parasitic currents are generated at the air-water-structure
interface in the hydrostatic limit.
6. Software implementation
The numerical algorithm described here is implemented in the IBAMR library [57], which is an open-
source C++ simulation software focused on immersed boundary methods with adaptive mesh refinement.
All of the numerical examples presented here are publicly available via https://github.com/IBAMR/IBAMR.
IBAMR relies on SAMRAI [59, 60] for Cartesian grid management and the AMR framework. Linear and
nonlinear solver support in IBAMR is provided by the PETSc library [61, 62, 63]. All of the example cases
in the present work made use of distributed-memory parallelism using the Message Passing Interface (MPI)
library. Between 4 and 512 processors were used in all the cases described here.
7. Wave-structure interaction
In this section, we demonstrate that the present numerical method is capable of modeling complex
wave-structure interaction problems arising in marine and coastal engineering. We begin by describing our
implementation of a numerical wave tank (NWT). Although NWTs based on VOF methods have been
detailed in the literature [8, 64, 65, 66], studies based on the level set methodology are sparse [67, 20, 68].
Wave generation and wave absorption techniques for NWTs is an active area of research, and there are
several strategies recommended in the literature (typically in the context of VOF methods) [65, 66]. In this
work, we use a combination of Dirichlet wave generation boundary conditions and a relaxation-based wave
damping procedure as our preferred choice. More specifically, by imposing inlet velocity boundary conditions
based on Stokes wave theory at one end of the domain we are able to generate nonlinear water waves, which
coherently propagate throughout the computational domain. By smoothly damping the traveling wave over
a wavelength long region towards the opposite end, we mitigate the wave reflection and wave interference
phenomena.
In Sec. 7.1, we describe some background theory required to simulate a NWT within the present compu-
tational methodology. In Sec. 7.2, we present a number of validation cases to demonstrate that the solver is
able to accurately produce second-order Stokes waves. In Sec. 7.3, we investigate the problem of second-order
Stokes wave interaction with a submerged trapezoid. The material properties of the liquid (gas) phase are
set to be that of water (air): ρl = 1× 103, µl = 1× 10−3, ρg = 1.2, and µg = 1.8× 10−5. The gravitational
acceleration of g = 9.81 is directed in the negative y-direction for the 2D simulations presented in this section.
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7.1. Stokes wave theory and numerics
According to second-order Stokes theory [3], the wave elevation η(x, t) from a mean water depth d is
given by
η(x, t) =
H
2
cos (kx− ωt) + piH
2
8λ
cosh (kd) [2 + cosh (2kd)]
sinh3 (kd)
cos (2kx− 2ωt) , (49)
in which H is the peak-to-peak height of the wave, T is the time period, ω = 2pi/T is the angular frequency,
λ is the wavelength, and k = 2pi/λ is the wave number. The horizontal and vertical components of velocity
that generate this wave profile are written as
uw(x, y, t) =
Hgk
2ω
cosh [k(d+ y)]
cosh(kd)
cos(kx− ωt) + 3H
2ωk
16
cosh [2k(d+ y)]
sinh4(kd)
cos(2kx− 2ωt), (50)
vw(x, y, t) =
Hgk
2ω
sinh [k(d+ y)]
cosh(kd)
sin(kx− ωt) + 3H
2ωk
16
sinh [2k(d+ y)]
sinh4(kd)
sin(2kx− 2ωt). (51)
Note that in the above expressions for the theory and numerics presented in this section, we are considering
a domain with bottom left corner situated at (0,−d), without loss of generality. Since the water phase is
represented by negative signed distance values and the free surface is initially located at y = 0, the elevation
of the wave can be computed from φi,j via
ηi,j = −φi,j + yi,j , (52)
in which yi,j is the y-coordinate of grid cell xi,j . Since φi,j represents the signed distance function to
the interface, it is straightforward to show that the computed elevation ηi,j will only be a function of the
horizontal grid index i, i.e. ηi,m = ηi,n for all m,n = 0, . . . , Ny − 1.
At the inlet (left) boundary, we impose the desired velocities Eqs. (50) and (51) as boundary conditions
acting only in the liquid phase. For the normal velocity component, we compute the face-centered level set
value based on the analytical elevation value along the computational boundary, φn− 12 ,j
= −η(0, tn) + y− 12 ,j .
The normal velocity boundary condition is then given by un− 12 ,j
=
(
1− H˜n− 12 ,j
)
uw
(
0, y− 12 ,j , t
n
)
, where the
expression for the numerical Heaviside at the boundary reads
H˜n− 12 ,j =

0, φn− 12 ,j
< −ncells
√
∆V ,
1
2
(
1 + 1
ncells
√
∆V
φn− 12 ,j
+ 1pi sin
(
pi
ncells
√
∆V
φn− 12 ,j
))
, |φn− 12 ,j | ≤ ncells
√
∆V ,
1, otherwise.
(53)
In the above expression,
√
∆V =
√
∆x∆y represents a characteristic grid spacing for grids with unequal grid
spacing in each direction, e.g. ∆x 6= ∆y. Similarly for the tangential velocity component, the desired node-
centered level set values can be computed as φn− 12 ,j− 12
= −η(0, tn) + y− 12 ,j− 12 with corresponding Heaviside
function
(
1− H˜n− 12 ,j− 12
)
, which are multiplied by vw
(
0, y− 12 ,j− 12 , t
n
)
to obtain desired boundary condition.
We refer readers to [34, 44] for more details on the imposition of normal and tangential velocity boundary
conditions in a staggered flow solver. Note that we are simply imposing homogenous Neumann conditions for
the level set value at all domain boundaries. No-slip boundary conditions are imposed along the bottom and
right boundary, while homogenous tangential velocity and zero pressure boundary conditions 3 are imposed
at the top boundary.
In order to mitigate the reflection of waves at the right boundary, we place a damping zone at the
downstream end of the computational domain from x = xL to x = xU . We follow the approach described by
Jacobsen et al. [66], in which the numerical velocities and level set values are smoothly relaxed at the end of
3Imposition of pressure or normal traction boundary conditions is possible because of the monolithic velocity-pressure solver.
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each time step via,
ui− 12 ,j = αi− 12 ,ju
computed
i− 12 ,j
+
(
1− αi− 12 ,j
)
utarget
i− 12 ,j
, (54)
vi,j− 12 = αi,j− 12 v
computed
i,j− 12
+
(
1− αi,j− 12
)
vtarget
i,j− 12
, (55)
φi,j = αi,jφ
computed
i,j + (1− αi,j)φtargeti,j . (56)
In the above expressions, the superscript “computed” indicates the staggered grid velocity and cell-centered
level set values computed from the solution methodology described in Sec. 4.2, and the superscript “target”
indicates the desired analytical values representing still water of depth d. Hence, utarget
i− 12 ,j
= 0, vtarget
i,j− 12
= 0,
and φtargeti,j = yi,j . The relaxation parameter α is smoothly varied from 1, at the interface between the
non-relaxed portion of the domain and the damping zone (e.g. xL), to 0 at the rightmost computational
boundary (e.g. xU ). For example at cell centers, the functional form of alpha reads,
αi,j = 1−
exp
(
x¯3.5i,j
)− 1
exp(1)− 1 , (57)
in which x¯i,j = (xi,j − xL) / (xU − xL) is the normalized horizontal coordinate varying from 0 to 1 across the
length of the damping zone. Analogous expressions are determined for αi− 12 ,j and αi,j− 12 . In all of the cases
considered in this section, a damping zone of length 10d is prescribed. Next, we present various numerical
examples demonstrating the accuracy of the aforementioned wave generation and damping techniques.
7.2. Validation of second-order Stokes waves propagating in a NWT
As an initial example we consider a 2D computational domain of size Ω = [0, 68d]× [−d, 0.3d], which is
occupied by initially quiescent water of depth d = 0.4. Air occupies the remainder of the domain from y = 0
to y = 0.3d. One grid cell of smearing ncells = 1 is used on either side of the air-water interface and surface
tension forces are neglected. The domain is discretized by a grid of size Nx ×Ny and a constant time step
size of ∆t = 100/(57Nx) is used. The wave parameters are chosen to be H = 0.05d, T = 9.8995
√
d/g, and
λ = 9.232d; these are chosen to satisfy the required dispersion relation for (second-order) Stokes waves [3],
ω2 = gk tanh(kd). (58)
To quantitatively assess the accuracy of the wave generation boundary conditions, the analytical and
simulated elevation computed at a probe situated at x = 2.87λ, are plotted against time in Fig. 3 for three
different grid sizes: 442×66, 884×132, and 1768×264. As the resolution increases, the numerical simulations
converge towards the theoretical elevation given by Eq. (49). The errors in maximum elevation attained over
the shown time period decrease as the resolution increases, yielding a convergence rate of 1.23 between grid
sizes 442 × 66 and 884 × 132 and a convergence rate of 1.17 between grid sizes 884 × 132 and 1768 × 264.
There are approximately NH = 10 grid cells per wave height and Nλ = 240 grid cells per wavelength for the
finest resolution case considered here, which we hereafter denote as Case A.
For our next example we consider two additional sets of wave parameters, which we denote as Case B
and Case C; see Table 1 for a full specification of all three cases. These parameters are chosen such that
they satisfy the dispersion relation Eq. (58) and occupy different locations within the second-order Stokes
regime for the wave classification phase space described by Le Me´haute´ [69] (see Fig. 4(a)). Figs. 4(b)–4(d)
show the long-time temporal evolution of elevation for cases A, B, and C, respectively. In all three cases, the
numerical wave tank produces elevations that are in excellent agreement with Eq. 49. These examples show
that the present numerical method can be confidently used to simulate second-order Stokes waves across the
entire (second-order Stokes) region of applicability.
7.3. Wave interaction with a submerged trapezoid
Now we investigate the interaction between second-order Stokes waves and a fully submerged trapezoidal
shaped structure. The domain size and numerical parameters are identical to those of Case A in the previous
section, and the simulation is carried out on a grid of size 1768 × 264. The top and base of the trapezoid
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Figure 3: Convergence study for the temporal evolution of wave elevation at x = 2.87λ for a second-order Stokes wave; (—,
black) analytical expression given by Eq. 49; (..., blue) present simulation for a 442× 66 grid; (-·-, green) present simulation
for a 884× 132 grid; (---, red) present simulation for a 1768× 264 grid.
Table 1: Parameter specification for the three second-order Stokes wave cases considered in Sec. 7.2.
Parameters Case A Case B Case C
Depth (d) 0.4 0.4 2.35
Wave height (H) 0.05d 0.1d 0.05d
Wave period (T ) 9.8995√d/g 9.8995√d/g 4.0825√d/g
Wavelength (λ) 9.232d 9.232d 2.610d
Domain size 68d× 1.3d 68d× 1.3d 68d× 1.3d
Cells per wavelength (Nλ) 240 240 68
Cells per wave height (NH) 10 10 10
Elevation probe location (x) 2.87λ 2.87λ 2.87λ
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100
<latexit sha1_base64="DvfNV/S6HEFl7xW8gMGwbBnanZQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0W3bisYC/QjiWTZtrYTDIkZ4Qy9B3cuFDEre/jzrcxvSy09YfAx3/OIef8USqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGN5N684kbK7S6x1HKw4T2lYgFo+isRuA/5P64Wyr7FX8qsgzBHMowV61b+ur0NMsSrpBJam078FMMc2pQMMnHxU5meUrZkPZ526GiCbdhPt12TE6d0yOxNu4pJFP390ROE2tHSeQ6E4oDu1ibmP/V2hnGV2EuVJohV2z2UZxJgppMTic9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPHdRbl6PY+jAMdwAmcQwCVU4RZqUAcGj/AMr/Dmae/Fe/c+Zq0r3nzmCP7I+/wBzyGOnQ==</latexit><latexit sha1_base64="DvfNV/S6HEFl7xW8gMGwbBnanZQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0W3bisYC/QjiWTZtrYTDIkZ4Qy9B3cuFDEre/jzrcxvSy09YfAx3/OIef8USqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGN5N684kbK7S6x1HKw4T2lYgFo+isRuA/5P64Wyr7FX8qsgzBHMowV61b+ur0NMsSrpBJam078FMMc2pQMMnHxU5meUrZkPZ526GiCbdhPt12TE6d0yOxNu4pJFP390ROE2tHSeQ6E4oDu1ibmP/V2hnGV2EuVJohV2z2UZxJgppMTic9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPHdRbl6PY+jAMdwAmcQwCVU4RZqUAcGj/AMr/Dmae/Fe/c+Zq0r3nzmCP7I+/wBzyGOnQ==</latexit><latexit sha1_base64="DvfNV/S6HEFl7xW8gMGwbBnanZQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0W3bisYC/QjiWTZtrYTDIkZ4Qy9B3cuFDEre/jzrcxvSy09YfAx3/OIef8USqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGN5N684kbK7S6x1HKw4T2lYgFo+isRuA/5P64Wyr7FX8qsgzBHMowV61b+ur0NMsSrpBJam078FMMc2pQMMnHxU5meUrZkPZ526GiCbdhPt12TE6d0yOxNu4pJFP390ROE2tHSeQ6E4oDu1ibmP/V2hnGV2EuVJohV2z2UZxJgppMTic9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPHdRbl6PY+jAMdwAmcQwCVU4RZqUAcGj/AMr/Dmae/Fe/c+Zq0r3nzmCP7I+/wBzyGOnQ==</latexit><latexit sha1_base64="DvfNV/S6HEFl7xW8gMGwbBnanZQ=">AAAB7XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0W3bisYC/QjiWTZtrYTDIkZ4Qy9B3cuFDEre/jzrcxvSy09YfAx3/OIef8USqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGN5N684kbK7S6x1HKw4T2lYgFo+isRuA/5P64Wyr7FX8qsgzBHMowV61b+ur0NMsSrpBJam078FMMc2pQMMnHxU5meUrZkPZ526GiCbdhPt12TE6d0yOxNu4pJFP390ROE2tHSeQ6E4oDu1ibmP/V2hnGV2EuVJohV2z2UZxJgppMTic9YThDOXJAmRFuV8IG1FCGLqCiCyFYPHkZGueVwPHdRbl6PY+jAMdwAmcQwCVU4RZqUAcGj/AMr/Dmae/Fe/c+Zq0r3nzmCP7I+/wBzyGOnQ==</latexit>
10−4
<latexit sha1_base64="gDxbt4I0hhQ6Gj4Yuy WodNSdV/Q=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohePFewHtLFstpN26WYTdjdCCf0R Xjwo4tXf481/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQo usWm4EdhJFNIoENgOxrezevsJleaxfDCTBP2IDiUPOaPGWm3PfcwuatN+ueJW3bnIKng5VCBXo1/+6g1 ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+brzslZ9YZkDBW9klD5u7viYxGWk+iwHZG1I z0cm1m/lfrpia89jMuk9SgZIuPwlQQE5PZ7WTAFTIjJhYoU9zuStiIKsqMTahkQ/CWT16F1mXVs3xfq9 Rv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+CPn8wc/+o7Y</latexit><latexit sha1_base64="gDxbt4I0hhQ6Gj4Yuy WodNSdV/Q=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohePFewHtLFstpN26WYTdjdCCf0R Xjwo4tXf481/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQo usWm4EdhJFNIoENgOxrezevsJleaxfDCTBP2IDiUPOaPGWm3PfcwuatN+ueJW3bnIKng5VCBXo1/+6g1 ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+brzslZ9YZkDBW9klD5u7viYxGWk+iwHZG1I z0cm1m/lfrpia89jMuk9SgZIuPwlQQE5PZ7WTAFTIjJhYoU9zuStiIKsqMTahkQ/CWT16F1mXVs3xfq9 Rv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+CPn8wc/+o7Y</latexit><latexit sha1_base64="gDxbt4I0hhQ6Gj4Yuy WodNSdV/Q=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohePFewHtLFstpN26WYTdjdCCf0R Xjwo4tXf481/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQo usWm4EdhJFNIoENgOxrezevsJleaxfDCTBP2IDiUPOaPGWm3PfcwuatN+ueJW3bnIKng5VCBXo1/+6g1 ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+brzslZ9YZkDBW9klD5u7viYxGWk+iwHZG1I z0cm1m/lfrpia89jMuk9SgZIuPwlQQE5PZ7WTAFTIjJhYoU9zuStiIKsqMTahkQ/CWT16F1mXVs3xfq9 Rv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+CPn8wc/+o7Y</latexit><latexit sha1_base64="gDxbt4I0hhQ6Gj4Yuy WodNSdV/Q=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohePFewHtLFstpN26WYTdjdCCf0R Xjwo4tXf481/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQo usWm4EdhJFNIoENgOxrezevsJleaxfDCTBP2IDiUPOaPGWm3PfcwuatN+ueJW3bnIKng5VCBXo1/+6g1 ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+brzslZ9YZkDBW9klD5u7viYxGWk+iwHZG1I z0cm1m/lfrpia89jMuk9SgZIuPwlQQE5PZ7WTAFTIjJhYoU9zuStiIKsqMTahkQ/CWT16F1mXVs3xfq9 Rv8jiKcAKncA4eXEEd7qABTWAwhmd4hTcncV6cd+dj0Vpw8plj+CPn8wc/+o7Y</latexit>
10−3
<latexit sha1_base64="lmEPsdYEEewUZBa 9xCdouYdvCG4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJVNBj0YvHCvYD2lg22027d LMJuxOhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEihUHX/XYKK6tr6xvFzdLW9s7uXnn/o GniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1O660nro2I1QOOE+5HdKBEKBhFa7U89zE7u 5j0yhW36s5ElsHLoQK56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LCoaceNns3 Un5MQ6fRLG2j6FZOb+nshoZMw4CmxnRHFoFmtT879aJ8Xw2s+ESlLkis0/ClNJMCbT20lfaM 5Qji1QpoXdlbAh1ZShTahkQ/AWT16G5nnVs3x/Wand5HEU4QiO4RQ8uIIa3EEdGsBgBM/wCm 9O4rw4787HvLXg5DOH8EfO5w8+dY7X</latexit><latexit sha1_base64="lmEPsdYEEewUZBa 9xCdouYdvCG4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJVNBj0YvHCvYD2lg22027d LMJuxOhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEihUHX/XYKK6tr6xvFzdLW9s7uXnn/o GniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1O660nro2I1QOOE+5HdKBEKBhFa7U89zE7u 5j0yhW36s5ElsHLoQK56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LCoaceNns3 Un5MQ6fRLG2j6FZOb+nshoZMw4CmxnRHFoFmtT879aJ8Xw2s+ESlLkis0/ClNJMCbT20lfaM 5Qji1QpoXdlbAh1ZShTahkQ/AWT16G5nnVs3x/Wand5HEU4QiO4RQ8uIIa3EEdGsBgBM/wCm 9O4rw4787HvLXg5DOH8EfO5w8+dY7X</latexit><latexit sha1_base64="lmEPsdYEEewUZBa 9xCdouYdvCG4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJVNBj0YvHCvYD2lg22027d LMJuxOhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEihUHX/XYKK6tr6xvFzdLW9s7uXnn/o GniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1O660nro2I1QOOE+5HdKBEKBhFa7U89zE7u 5j0yhW36s5ElsHLoQK56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LCoaceNns3 Un5MQ6fRLG2j6FZOb+nshoZMw4CmxnRHFoFmtT879aJ8Xw2s+ESlLkis0/ClNJMCbT20lfaM 5Qji1QpoXdlbAh1ZShTahkQ/AWT16G5nnVs3x/Wand5HEU4QiO4RQ8uIIa3EEdGsBgBM/wCm 9O4rw4787HvLXg5DOH8EfO5w8+dY7X</latexit><latexit sha1_base64="lmEPsdYEEewUZBa 9xCdouYdvCG4=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJVNBj0YvHCvYD2lg22027d LMJuxOhhP4ILx4U8erv8ea/cdvmoK0vLDy8M8POvEEihUHX/XYKK6tr6xvFzdLW9s7uXnn/o GniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1O660nro2I1QOOE+5HdKBEKBhFa7U89zE7u 5j0yhW36s5ElsHLoQK56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LCoaceNns3 Un5MQ6fRLG2j6FZOb+nshoZMw4CmxnRHFoFmtT879aJ8Xw2s+ESlLkis0/ClNJMCbT20lfaM 5Qji1QpoXdlbAh1ZShTahkQ/AWT16G5nnVs3x/Wand5HEU4QiO4RQ8uIIa3EEdGsBgBM/wCm 9O4rw4787HvLXg5DOH8EfO5w8+dY7X</latexit>
10−2
<latexit sha1_base64="Th8nDr96+mObTEC MD5ILVXJA+hY=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJiqDHohePFewHtLFstpt26 WYTdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhU cvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRqwecJNyP6FCJUDCK1mp77mN2U Zv2yxW36s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn83 Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz28lAaM 5QTixQpoXdlbAR1ZShTahkQ/CWT16FVq3qWb6/rNRv8jiKcAKncA4eXEEd7qABTWAwhmd4hT cncV6cd+dj0Vpw8plj+CPn8wc88I7W</latexit><latexit sha1_base64="Th8nDr96+mObTEC MD5ILVXJA+hY=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJiqDHohePFewHtLFstpt26 WYTdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhU cvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRqwecJNyP6FCJUDCK1mp77mN2U Zv2yxW36s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn83 Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz28lAaM 5QTixQpoXdlbAR1ZShTahkQ/CWT16FVq3qWb6/rNRv8jiKcAKncA4eXEEd7qABTWAwhmd4hT cncV6cd+dj0Vpw8plj+CPn8wc88I7W</latexit><latexit sha1_base64="Th8nDr96+mObTEC MD5ILVXJA+hY=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJiqDHohePFewHtLFstpt26 WYTdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhU cvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRqwecJNyP6FCJUDCK1mp77mN2U Zv2yxW36s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn83 Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz28lAaM 5QTixQpoXdlbAR1ZShTahkQ/CWT16FVq3qWb6/rNRv8jiKcAKncA4eXEEd7qABTWAwhmd4hT cncV6cd+dj0Vpw8plj+CPn8wc88I7W</latexit><latexit sha1_base64="Th8nDr96+mObTEC MD5ILVXJA+hY=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJiqDHohePFewHtLFstpt26 WYTdidCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhU cvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRqwecJNyP6FCJUDCK1mp77mN2U Zv2yxW36s5FVsHLoQK5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LSoaceNn83 Wn5Mw6AxLG2j6FZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s+ESlLkii0+ClNJMCaz28lAaM 5QTixQpoXdlbAR1ZShTahkQ/CWT16FVq3qWb6/rNRv8jiKcAKncA4eXEEd7qABTWAwhmd4hT cncV6cd+dj0Vpw8plj+CPn8wc88I7W</latexit>
10−1
<latexit sha1_base64="UKbwS1Ie99APchL 93wQrL+utz3o=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohePFewHtLFstpN26 WYTdjdCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo 5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxrezevsJleaxfDCTBP2IDiUPOaPGWm3Pfcwuv Gm/XHGr7lxkFbwcKpCr0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrUdIItZ/N15 2SM+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxNe+xmXSWpQssVHYSqIicnsdjLgCp kREwuUKW53JWxEFWXGJlSyIXjLJ69C67LqWb6vVeo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wp uTOC/Ou/OxaC04+cwx/JHz+QM7a47V</latexit><latexit sha1_base64="UKbwS1Ie99APchL 93wQrL+utz3o=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohePFewHtLFstpN26 WYTdjdCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo 5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxrezevsJleaxfDCTBP2IDiUPOaPGWm3Pfcwuv Gm/XHGr7lxkFbwcKpCr0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrUdIItZ/N15 2SM+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxNe+xmXSWpQssVHYSqIicnsdjLgCp kREwuUKW53JWxEFWXGJlSyIXjLJ69C67LqWb6vVeo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wp uTOC/Ou/OxaC04+cwx/JHz+QM7a47V</latexit><latexit sha1_base64="UKbwS1Ie99APchL 93wQrL+utz3o=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohePFewHtLFstpN26 WYTdjdCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo 5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxrezevsJleaxfDCTBP2IDiUPOaPGWm3Pfcwuv Gm/XHGr7lxkFbwcKpCr0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrUdIItZ/N15 2SM+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxNe+xmXSWpQssVHYSqIicnsdjLgCp kREwuUKW53JWxEFWXGJlSyIXjLJ69C67LqWb6vVeo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wp uTOC/Ou/OxaC04+cwx/JHz+QM7a47V</latexit><latexit sha1_base64="UKbwS1Ie99APchL 93wQrL+utz3o=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohePFewHtLFstpN26 WYTdjdCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo 5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxrezevsJleaxfDCTBP2IDiUPOaPGWm3Pfcwuv Gm/XHGr7lxkFbwcKpCr0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrUdIItZ/N15 2SM+sMSBgr+6Qhc/f3REYjrSdRYDsjakZ6uTYz/6t1UxNe+xmXSWpQssVHYSqIicnsdjLgCp kREwuUKW53JWxEFWXGJlSyIXjLJ69C67LqWb6vVeo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wp uTOC/Ou/OxaC04+cwx/JHz+QM7a47V</latexit>
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≈ 26
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Figure 4: (a) Locations of (•, red) Case A, (, yellow) Case B, and (N, green) Case C on a phase diagram denoting the
applicability of wave theories described by Le Me´haute´ [69]; figure adapted from Holthuijsen [70]. Long-time temporal evolution
of wave elevation for second-order Stokes waves with parameters described by (b) Case A, (c) Case B, and (d) Case C; (—,
black) analytical expression given by Eq. 49; wave elevation for all cases is measured at x = 2.87λ.
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A: Without submerged body
(a) t = 0 (b) t = 22 (c) t = 22.5
(d) t = 23 (e) t = 23.5 (f) t = 24
B: With submerged body
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Figure 5: A: Temporal evolution of unobstructed second-order Stokes waves at six different time instances. B: Temporal
evolution of second-order Stokes waves interacting with a stationary trapezoidal obstacle at six different time instances.
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<latexit sha1_base64="8NCQq8pGBWcbZ6ApGXEa/X43Vhw=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozIrXLohuXFewF2qFkMpk2NMkMSUYoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/EHCmTau++2UNja3tnfKu5W9/YPDo+rxSVfHqSK0Q2Ieq36ANeVM0o5hhtN+oigWAae9YHqX13tPVGkWy0czS6gv8FiyiBFscqvRROGoWnPr7kJoHbwCalCoPap+DcOYpIJKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBRYkF1X622HWOLqwToihW9kmDFu7viQwLrWcisJ0Cm4lereXmf7VBaqKmnzGZpIZKsvwoSjkyMcoPRyFTlBg+s4CJYnZXRCZYYWJsPBUbgrd68jp0r+qe5YfrWuu2iKMMZ3AOl+DBDbTgHtrQAQITeIZXeHOE8+K8Ox/L1pJTzJzCHzmfPw8ljZQ=</latexit><latexit sha1_base64="8NCQq8pGBWcbZ6ApGXEa/X43Vhw=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozIrXLohuXFewF2qFkMpk2NMkMSUYoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/EHCmTau++2UNja3tnfKu5W9/YPDo+rxSVfHqSK0Q2Ieq36ANeVM0o5hhtN+oigWAae9YHqX13tPVGkWy0czS6gv8FiyiBFscqvRROGoWnPr7kJoHbwCalCoPap+DcOYpIJKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBRYkF1X622HWOLqwToihW9kmDFu7viQwLrWcisJ0Cm4lereXmf7VBaqKmnzGZpIZKsvwoSjkyMcoPRyFTlBg+s4CJYnZXRCZYYWJsPBUbgrd68jp0r+qe5YfrWuu2iKMMZ3AOl+DBDbTgHtrQAQITeIZXeHOE8+K8Ox/L1pJTzJzCHzmfPw8ljZQ=</latexit><latexit sha1_base64="8NCQq8pGBWcbZ6ApGXEa/X43Vhw=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozIrXLohuXFewF2qFkMpk2NMkMSUYoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/EHCmTau++2UNja3tnfKu5W9/YPDo+rxSVfHqSK0Q2Ieq36ANeVM0o5hhtN+oigWAae9YHqX13tPVGkWy0czS6gv8FiyiBFscqvRROGoWnPr7kJoHbwCalCoPap+DcOYpIJKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBRYkF1X622HWOLqwToihW9kmDFu7viQwLrWcisJ0Cm4lereXmf7VBaqKmnzGZpIZKsvwoSjkyMcoPRyFTlBg+s4CJYnZXRCZYYWJsPBUbgrd68jp0r+qe5YfrWuu2iKMMZ3AOl+DBDbTgHtrQAQITeIZXeHOE8+K8Ox/L1pJTzJzCHzmfPw8ljZQ=</latexit><latexit sha1_base64="8NCQq8pGBWcbZ6ApGXEa/X43Vhw=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozIrXLohuXFewF2qFkMpk2NMkMSUYoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/EHCmTau++2UNja3tnfKu5W9/YPDo+rxSVfHqSK0Q2Ieq36ANeVM0o5hhtN+oigWAae9YHqX13tPVGkWy0czS6gv8FiyiBFscqvRROGoWnPr7kJoHbwCalCoPap+DcOYpIJKQzjWeuC5ifEzrAwjnM4rw1TTBJMpHtOBRYkF1X622HWOLqwToihW9kmDFu7viQwLrWcisJ0Cm4lereXmf7VBaqKmnzGZpIZKsvwoSjkyMcoPRyFTlBg+s4CJYnZXRCZYYWJsPBUbgrd68jp0r+qe5YfrWuu2iKMMZ3AOl+DBDbTgHtrQAQITeIZXeHOE8+K8Ox/L1pJTzJzCHzmfPw8ljZQ=</latexit>
15d
<latexit sha1_base64="A79GEeDrFsZ2HXspkxA+3msFc7o=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJKLosunFZwV6gDWUymbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/iDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/AmnImaccww2k/URSLgNNeML3L670nqjSL5aOZJdQXeCxZxAg2ueVdoXBUb7hNtxBaBa+EBpRqj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgUWJBtZ8Vu87RmXVCFMXKPmlQ4f6eyLDQeiYC2ymwmejlWm7+VxukJrrxMyaT1FBJFh9FKUcmRvnhKGSKEsNnFjBRzO6KyAQrTIyNp2ZD8JZPXoXuRdOz/HDZaN2WcVThBE7hHDy4hhbcQxs6QGACz/AKb45wXpx352PRWnHKmWP4I+fzBwLwjYw=</latexit><latexit sha1_base64="A79GEeDrFsZ2HXspkxA+3msFc7o=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJKLosunFZwV6gDWUymbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/iDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/AmnImaccww2k/URSLgNNeML3L670nqjSL5aOZJdQXeCxZxAg2ueVdoXBUb7hNtxBaBa+EBpRqj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgUWJBtZ8Vu87RmXVCFMXKPmlQ4f6eyLDQeiYC2ymwmejlWm7+VxukJrrxMyaT1FBJFh9FKUcmRvnhKGSKEsNnFjBRzO6KyAQrTIyNp2ZD8JZPXoXuRdOz/HDZaN2WcVThBE7hHDy4hhbcQxs6QGACz/AKb45wXpx352PRWnHKmWP4I+fzBwLwjYw=</latexit><latexit sha1_base64="A79GEeDrFsZ2HXspkxA+3msFc7o=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJKLosunFZwV6gDWUymbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/iDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/AmnImaccww2k/URSLgNNeML3L670nqjSL5aOZJdQXeCxZxAg2ueVdoXBUb7hNtxBaBa+EBpRqj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgUWJBtZ8Vu87RmXVCFMXKPmlQ4f6eyLDQeiYC2ymwmejlWm7+VxukJrrxMyaT1FBJFh9FKUcmRvnhKGSKEsNnFjBRzO6KyAQrTIyNp2ZD8JZPXoXuRdOz/HDZaN2WcVThBE7hHDy4hhbcQxs6QGACz/AKb45wXpx352PRWnHKmWP4I+fzBwLwjYw=</latexit><latexit sha1_base64="A79GEeDrFsZ2HXspkxA+3msFc7o=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJKLosunFZwV6gDWUymbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/iDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/AmnImaccww2k/URSLgNNeML3L670nqjSL5aOZJdQXeCxZxAg2ueVdoXBUb7hNtxBaBa+EBpRqj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgUWJBtZ8Vu87RmXVCFMXKPmlQ4f6eyLDQeiYC2ymwmejlWm7+VxukJrrxMyaT1FBJFh9FKUcmRvnhKGSKEsNnFjBRzO6KyAQrTIyNp2ZD8JZPXoXuRdOz/HDZaN2WcVThBE7hHDy4hhbcQxs6QGACz/AKb45wXpx352PRWnHKmWP4I+fzBwLwjYw=</latexit>
15d
<latexit sha1_base64="A79GEeDrFsZ2HXspkxA+3msFc7o=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJKLosunFZwV6gDWUymbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/iDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/AmnImaccww2k/URSLgNNeML3L670nqjSL5aOZJdQXeCxZxAg2ueVdoXBUb7hNtxBaBa+EBpRqj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgUWJBtZ8Vu87RmXVCFMXKPmlQ4f6eyLDQeiYC2ymwmejlWm7+VxukJrrxMyaT1FBJFh9FKUcmRvnhKGSKEsNnFjBRzO6KyAQrTIyNp2ZD8JZPXoXuRdOz/HDZaN2WcVThBE7hHDy4hhbcQxs6QGACz/AKb45wXpx352PRWnHKmWP4I+fzBwLwjYw=</latexit><latexit sha1_base64="A79GEeDrFsZ2HXspkxA+3msFc7o=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJKLosunFZwV6gDWUymbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/iDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/AmnImaccww2k/URSLgNNeML3L670nqjSL5aOZJdQXeCxZxAg2ueVdoXBUb7hNtxBaBa+EBpRqj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgUWJBtZ8Vu87RmXVCFMXKPmlQ4f6eyLDQeiYC2ymwmejlWm7+VxukJrrxMyaT1FBJFh9FKUcmRvnhKGSKEsNnFjBRzO6KyAQrTIyNp2ZD8JZPXoXuRdOz/HDZaN2WcVThBE7hHDy4hhbcQxs6QGACz/AKb45wXpx352PRWnHKmWP4I+fzBwLwjYw=</latexit><latexit sha1_base64="A79GEeDrFsZ2HXspkxA+3msFc7o=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJKLosunFZwV6gDWUymbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/iDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/AmnImaccww2k/URSLgNNeML3L670nqjSL5aOZJdQXeCxZxAg2ueVdoXBUb7hNtxBaBa+EBpRqj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgUWJBtZ8Vu87RmXVCFMXKPmlQ4f6eyLDQeiYC2ymwmejlWm7+VxukJrrxMyaT1FBJFh9FKUcmRvnhKGSKEsNnFjBRzO6KyAQrTIyNp2ZD8JZPXoXuRdOz/HDZaN2WcVThBE7hHDy4hhbcQxs6QGACz/AKb45wXpx352PRWnHKmWP4I+fzBwLwjYw=</latexit><latexit sha1_base64="A79GEeDrFsZ2HXspkxA+3msFc7o=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJKLosunFZwV6gDWUymbRDZyZhZiKU0Fdw40IRt76QO9/GSZqFtv4w8PGfc5hz/iDhTBvX/XYqa+sbm1vV7drO7t7+Qf3wqKvjVBHaITGPVT/AmnImaccww2k/URSLgNNeML3L670nqjSL5aOZJdQXeCxZxAg2ueVdoXBUb7hNtxBaBa+EBpRqj+pfwzAmqaDSEI61HnhuYvwMK8MIp/PaMNU0wWSKx3RgUWJBtZ8Vu87RmXVCFMXKPmlQ4f6eyLDQeiYC2ymwmejlWm7+VxukJrrxMyaT1FBJFh9FKUcmRvnhKGSKEsNnFjBRzO6KyAQrTIyNp2ZD8JZPXoXuRdOz/HDZaN2WcVThBE7hHDy4hhbcQxs6QGACz/AKb45wXpx352PRWnHKmWP4I+fzBwLwjYw=</latexit>
5d
<latexit sha1_base64="7qlDq4OuLARJQdJ32yZ0VxZ5Xso=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfRY9OKxorWFNpTNZtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5BKYdB1v53Syura+kZ5s7K1vbO7V90/eDRJphlvsUQmuhNQw6VQvIUCJe+kmtM4kLwdjG6m9fYT10Yk6gHHKfdjOlAiEoyite4vSNiv1ty6OxNZBq+AGhRq9qtfvTBhWcwVMkmN6Xpuin5ONQom+aTSywxPKRvRAe9aVDTmxs9nq07IiXVCEiXaPoVk5v6eyGlszDgObGdMcWgWa1Pzv1o3w+jKz4VKM+SKzT+KMkkwIdO7SSg0ZyjHFijTwu5K2JBqytCmU7EheIsnL8PjWd2zfHdea1wXcZThCI7hFDy4hAbcQhNawGAAz/AKb450Xpx352PeWnKKmUP4I+fzB5MijVE=</latexit><latexit sha1_base64="7qlDq4OuLARJQdJ32yZ0VxZ5Xso=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfRY9OKxorWFNpTNZtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5BKYdB1v53Syura+kZ5s7K1vbO7V90/eDRJphlvsUQmuhNQw6VQvIUCJe+kmtM4kLwdjG6m9fYT10Yk6gHHKfdjOlAiEoyite4vSNiv1ty6OxNZBq+AGhRq9qtfvTBhWcwVMkmN6Xpuin5ONQom+aTSywxPKRvRAe9aVDTmxs9nq07IiXVCEiXaPoVk5v6eyGlszDgObGdMcWgWa1Pzv1o3w+jKz4VKM+SKzT+KMkkwIdO7SSg0ZyjHFijTwu5K2JBqytCmU7EheIsnL8PjWd2zfHdea1wXcZThCI7hFDy4hAbcQhNawGAAz/AKb450Xpx352PeWnKKmUP4I+fzB5MijVE=</latexit><latexit sha1_base64="7qlDq4OuLARJQdJ32yZ0VxZ5Xso=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfRY9OKxorWFNpTNZtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5BKYdB1v53Syura+kZ5s7K1vbO7V90/eDRJphlvsUQmuhNQw6VQvIUCJe+kmtM4kLwdjG6m9fYT10Yk6gHHKfdjOlAiEoyite4vSNiv1ty6OxNZBq+AGhRq9qtfvTBhWcwVMkmN6Xpuin5ONQom+aTSywxPKRvRAe9aVDTmxs9nq07IiXVCEiXaPoVk5v6eyGlszDgObGdMcWgWa1Pzv1o3w+jKz4VKM+SKzT+KMkkwIdO7SSg0ZyjHFijTwu5K2JBqytCmU7EheIsnL8PjWd2zfHdea1wXcZThCI7hFDy4hAbcQhNawGAAz/AKb450Xpx352PeWnKKmUP4I+fzB5MijVE=</latexit><latexit sha1_base64="7qlDq4OuLARJQdJ32yZ0VxZ5Xso=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfRY9OKxorWFNpTNZtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5BKYdB1v53Syura+kZ5s7K1vbO7V90/eDRJphlvsUQmuhNQw6VQvIUCJe+kmtM4kLwdjG6m9fYT10Yk6gHHKfdjOlAiEoyite4vSNiv1ty6OxNZBq+AGhRq9qtfvTBhWcwVMkmN6Xpuin5ONQom+aTSywxPKRvRAe9aVDTmxs9nq07IiXVCEiXaPoVk5v6eyGlszDgObGdMcWgWa1Pzv1o3w+jKz4VKM+SKzT+KMkkwIdO7SSg0ZyjHFijTwu5K2JBqytCmU7EheIsnL8PjWd2zfHdea1wXcZThCI7hFDy4hAbcQhNawGAAz/AKb450Xpx352PeWnKKmUP4I+fzB5MijVE=</latexit>
7.5d
<latexit sha1_base64="VNJ0aowxxEaRVr0oh7VY2NMj8c4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSUeqx6MVjBdMW2lA2m0m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoNUXFh7emWFn3jATXBvX/XJKa+sbm1vl7crO7t7+QfXwqK3TXDH0WSpS1Q2pRsEl+oYbgd1MIU1CgZ1wfDuvdx5RaZ7KBzPJMEjoUPKYM2qs5TfqVyQaVGtu3V2I/AWvgBoUag2qn/0oZXmC0jBBte55bmaCKVWGM4GzSj/XmFE2pkPsWZQ0QR1MF8vOyJl1IhKnyj5pyML9OTGlidaTJLSdCTUjvVqbm//VermJr4Mpl1luULLlR3EuiEnJ/HIScYXMiIkFyhS3uxI2oooyY/Op2BC81ZP/Qvui7lm+v6w1b4o4ynACp3AOHjSgCXfQAh8YcHiCF3h1pPPsvDnvy9aSU8wcwy85H993fY3K</latexit><latexit sha1_base64="VNJ0aowxxEaRVr0oh7VY2NMj8c4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSUeqx6MVjBdMW2lA2m0m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoNUXFh7emWFn3jATXBvX/XJKa+sbm1vl7crO7t7+QfXwqK3TXDH0WSpS1Q2pRsEl+oYbgd1MIU1CgZ1wfDuvdx5RaZ7KBzPJMEjoUPKYM2qs5TfqVyQaVGtu3V2I/AWvgBoUag2qn/0oZXmC0jBBte55bmaCKVWGM4GzSj/XmFE2pkPsWZQ0QR1MF8vOyJl1IhKnyj5pyML9OTGlidaTJLSdCTUjvVqbm//VermJr4Mpl1luULLlR3EuiEnJ/HIScYXMiIkFyhS3uxI2oooyY/Op2BC81ZP/Qvui7lm+v6w1b4o4ynACp3AOHjSgCXfQAh8YcHiCF3h1pPPsvDnvy9aSU8wcwy85H993fY3K</latexit><latexit sha1_base64="VNJ0aowxxEaRVr0oh7VY2NMj8c4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSUeqx6MVjBdMW2lA2m0m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoNUXFh7emWFn3jATXBvX/XJKa+sbm1vl7crO7t7+QfXwqK3TXDH0WSpS1Q2pRsEl+oYbgd1MIU1CgZ1wfDuvdx5RaZ7KBzPJMEjoUPKYM2qs5TfqVyQaVGtu3V2I/AWvgBoUag2qn/0oZXmC0jBBte55bmaCKVWGM4GzSj/XmFE2pkPsWZQ0QR1MF8vOyJl1IhKnyj5pyML9OTGlidaTJLSdCTUjvVqbm//VermJr4Mpl1luULLlR3EuiEnJ/HIScYXMiIkFyhS3uxI2oooyY/Op2BC81ZP/Qvui7lm+v6w1b4o4ynACp3AOHjSgCXfQAh8YcHiCF3h1pPPsvDnvy9aSU8wcwy85H993fY3K</latexit><latexit sha1_base64="VNJ0aowxxEaRVr0oh7VY2NMj8c4=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSUeqx6MVjBdMW2lA2m0m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoNUXFh7emWFn3jATXBvX/XJKa+sbm1vl7crO7t7+QfXwqK3TXDH0WSpS1Q2pRsEl+oYbgd1MIU1CgZ1wfDuvdx5RaZ7KBzPJMEjoUPKYM2qs5TfqVyQaVGtu3V2I/AWvgBoUag2qn/0oZXmC0jBBte55bmaCKVWGM4GzSj/XmFE2pkPsWZQ0QR1MF8vOyJl1IhKnyj5pyML9OTGlidaTJLSdCTUjvVqbm//VermJr4Mpl1luULLlR3EuiEnJ/HIScYXMiIkFyhS3uxI2oooyY/Op2BC81ZP/Qvui7lm+v6w1b4o4ynACp3AOHjSgCXfQAh8YcHiCF3h1pPPsvDnvy9aSU8wcwy85H993fY3K</latexit>
10d
<latexit sha1_base64="LNrP64orvH/jeYzV8UyKyw68bzQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxov2ANpTNZtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+HZW7zyh0jyRj2aSoh/ToeQRZ9RY68Fzw0G15tbducgqeAXUoFBzUP3qhwnLYpSGCap1z3NT4+dUGc4ETiv9TGNK2ZgOsWdR0hi1n89XnZIz64QkSpR90pC5+3sip7HWkziwnTE1I71cm5n/1XqZia79nMs0MyjZ4qMoE8QkZHY3CblCZsTEAmWK210JG1FFmbHpVGwI3vLJq9C+qHuW7y9rjZsijjKcwCmcgwdX0IA7aEILGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AKVajV0=</latexit><latexit sha1_base64="LNrP64orvH/jeYzV8UyKyw68bzQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxov2ANpTNZtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+HZW7zyh0jyRj2aSoh/ToeQRZ9RY68Fzw0G15tbducgqeAXUoFBzUP3qhwnLYpSGCap1z3NT4+dUGc4ETiv9TGNK2ZgOsWdR0hi1n89XnZIz64QkSpR90pC5+3sip7HWkziwnTE1I71cm5n/1XqZia79nMs0MyjZ4qMoE8QkZHY3CblCZsTEAmWK210JG1FFmbHpVGwI3vLJq9C+qHuW7y9rjZsijjKcwCmcgwdX0IA7aEILGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AKVajV0=</latexit><latexit sha1_base64="LNrP64orvH/jeYzV8UyKyw68bzQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxov2ANpTNZtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+HZW7zyh0jyRj2aSoh/ToeQRZ9RY68Fzw0G15tbducgqeAXUoFBzUP3qhwnLYpSGCap1z3NT4+dUGc4ETiv9TGNK2ZgOsWdR0hi1n89XnZIz64QkSpR90pC5+3sip7HWkziwnTE1I71cm5n/1XqZia79nMs0MyjZ4qMoE8QkZHY3CblCZsTEAmWK210JG1FFmbHpVGwI3vLJq9C+qHuW7y9rjZsijjKcwCmcgwdX0IA7aEILGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AKVajV0=</latexit><latexit sha1_base64="LNrP64orvH/jeYzV8UyKyw68bzQ=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxov2ANpTNZtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+HZW7zyh0jyRj2aSoh/ToeQRZ9RY68Fzw0G15tbducgqeAXUoFBzUP3qhwnLYpSGCap1z3NT4+dUGc4ETiv9TGNK2ZgOsWdR0hi1n89XnZIz64QkSpR90pC5+3sip7HWkziwnTE1I71cm5n/1XqZia79nMs0MyjZ4qMoE8QkZHY3CblCZsTEAmWK210JG1FFmbHpVGwI3vLJq9C+qHuW7y9rjZsijjKcwCmcgwdX0IA7aEILGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AKVajV0=</latexit>
Damping
<latexit sha1_base64="5RQTKUnqTmGM1mOOA+k+D86bylw=">AAAB7nicbZDLSgMxFIbP1Futt1GXboJFcFVmutFlURcuK9gLtEPJpJk2NMmEJCOUoQ/hxoUibn0ed76NaTsLbf0h8PGfc8g5f6w4MzYIvr3SxubW9k55t7K3f3B45B+ftE2aaUJbJOWp7sbYUM4kbVlmOe0qTbGIOe3Ek9t5vfNEtWGpfLRTRSOBR5IljGDrrM4dForJ0cCvBrVgIbQOYQFVKNQc+F/9YUoyQaUlHBvTCwNloxxrywins0o/M1RhMsEj2nMosaAmyhfrztCFc4YoSbV70qKF+3six8KYqYhdp8B2bFZrc/O/Wi+zyXWUM6kySyVZfpRkHNkUzW9HQ6YpsXzqABPN3K6IjLHGxLqEKi6EcPXkdWjXa6Hjh3q1cVPEUYYzOIdLCOEKGnAPTWgBgQk8wyu8ecp78d69j2VryStmTuGPvM8fQD2Pfg==</latexit><latexit sha1_base64="5RQTKUnqTmGM1mOOA+k+D86bylw=">AAAB7nicbZDLSgMxFIbP1Futt1GXboJFcFVmutFlURcuK9gLtEPJpJk2NMmEJCOUoQ/hxoUibn0ed76NaTsLbf0h8PGfc8g5f6w4MzYIvr3SxubW9k55t7K3f3B45B+ftE2aaUJbJOWp7sbYUM4kbVlmOe0qTbGIOe3Ek9t5vfNEtWGpfLRTRSOBR5IljGDrrM4dForJ0cCvBrVgIbQOYQFVKNQc+F/9YUoyQaUlHBvTCwNloxxrywins0o/M1RhMsEj2nMosaAmyhfrztCFc4YoSbV70qKF+3six8KYqYhdp8B2bFZrc/O/Wi+zyXWUM6kySyVZfpRkHNkUzW9HQ6YpsXzqABPN3K6IjLHGxLqEKi6EcPXkdWjXa6Hjh3q1cVPEUYYzOIdLCOEKGnAPTWgBgQk8wyu8ecp78d69j2VryStmTuGPvM8fQD2Pfg==</latexit><latexit sha1_base64="5RQTKUnqTmGM1mOOA+k+D86bylw=">AAAB7nicbZDLSgMxFIbP1Futt1GXboJFcFVmutFlURcuK9gLtEPJpJk2NMmEJCOUoQ/hxoUibn0ed76NaTsLbf0h8PGfc8g5f6w4MzYIvr3SxubW9k55t7K3f3B45B+ftE2aaUJbJOWp7sbYUM4kbVlmOe0qTbGIOe3Ek9t5vfNEtWGpfLRTRSOBR5IljGDrrM4dForJ0cCvBrVgIbQOYQFVKNQc+F/9YUoyQaUlHBvTCwNloxxrywins0o/M1RhMsEj2nMosaAmyhfrztCFc4YoSbV70qKF+3six8KYqYhdp8B2bFZrc/O/Wi+zyXWUM6kySyVZfpRkHNkUzW9HQ6YpsXzqABPN3K6IjLHGxLqEKi6EcPXkdWjXa6Hjh3q1cVPEUYYzOIdLCOEKGnAPTWgBgQk8wyu8ecp78d69j2VryStmTuGPvM8fQD2Pfg==</latexit><latexit sha1_base64="5RQTKUnqTmGM1mOOA+k+D86bylw=">AAAB7nicbZDLSgMxFIbP1Futt1GXboJFcFVmutFlURcuK9gLtEPJpJk2NMmEJCOUoQ/hxoUibn0ed76NaTsLbf0h8PGfc8g5f6w4MzYIvr3SxubW9k55t7K3f3B45B+ftE2aaUJbJOWp7sbYUM4kbVlmOe0qTbGIOe3Ek9t5vfNEtWGpfLRTRSOBR5IljGDrrM4dForJ0cCvBrVgIbQOYQFVKNQc+F/9YUoyQaUlHBvTCwNloxxrywins0o/M1RhMsEj2nMosaAmyhfrztCFc4YoSbV70qKF+3six8KYqYhdp8B2bFZrc/O/Wi+zyXWUM6kySyVZfpRkHNkUzW9HQ6YpsXzqABPN3K6IjLHGxLqEKi6EcPXkdWjXa6Hjh3q1cVPEUYYzOIdLCOEKGnAPTWgBgQk8wyu8ecp78d69j2VryStmTuGPvM8fQD2Pfg==</latexit>
zone
<latexit sha1_base64="t9i3zLNoZKZ049r/WrU1dLbnwfg=">AAAB63icbZC7SgNBFIZn4y3GW9TSZjAIVmE3jZZBG8sI5gLJEmYnZ5Mhc1lmZoW45BVsLBSx9YXsfBtnky008YeBj/+cw5zzRwlnxvr+t1fa2Nza3invVvb2Dw6PqscnHaNSTaFNFVe6FxEDnEloW2Y59BINREQcutH0Nq93H0EbpuSDnSUQCjKWLGaU2Nx6UhKG1Zpf9xfC6xAUUEOFWsPq12CkaCpAWsqJMf3AT2yYEW0Z5TCvDFIDCaFTMoa+Q0kEmDBb7DrHF84Z4Vhp96TFC/f3REaEMTMRuU5B7MSs1nLzv1o/tfF1mDGZpBYkXX4UpxxbhfPD8YhpoJbPHBCqmdsV0wnRhFoXT8WFEKyevA6dRj1wfN+oNW+KOMroDJ2jSxSgK9REd6iF2oiiCXpGr+jNE96L9+59LFtLXjFziv7I+/wBQkSOXA==</latexit><latexit sha1_base64="t9i3zLNoZKZ049r/WrU1dLbnwfg=">AAAB63icbZC7SgNBFIZn4y3GW9TSZjAIVmE3jZZBG8sI5gLJEmYnZ5Mhc1lmZoW45BVsLBSx9YXsfBtnky008YeBj/+cw5zzRwlnxvr+t1fa2Nza3invVvb2Dw6PqscnHaNSTaFNFVe6FxEDnEloW2Y59BINREQcutH0Nq93H0EbpuSDnSUQCjKWLGaU2Nx6UhKG1Zpf9xfC6xAUUEOFWsPq12CkaCpAWsqJMf3AT2yYEW0Z5TCvDFIDCaFTMoa+Q0kEmDBb7DrHF84Z4Vhp96TFC/f3REaEMTMRuU5B7MSs1nLzv1o/tfF1mDGZpBYkXX4UpxxbhfPD8YhpoJbPHBCqmdsV0wnRhFoXT8WFEKyevA6dRj1wfN+oNW+KOMroDJ2jSxSgK9REd6iF2oiiCXpGr+jNE96L9+59LFtLXjFziv7I+/wBQkSOXA==</latexit><latexit sha1_base64="t9i3zLNoZKZ049r/WrU1dLbnwfg=">AAAB63icbZC7SgNBFIZn4y3GW9TSZjAIVmE3jZZBG8sI5gLJEmYnZ5Mhc1lmZoW45BVsLBSx9YXsfBtnky008YeBj/+cw5zzRwlnxvr+t1fa2Nza3invVvb2Dw6PqscnHaNSTaFNFVe6FxEDnEloW2Y59BINREQcutH0Nq93H0EbpuSDnSUQCjKWLGaU2Nx6UhKG1Zpf9xfC6xAUUEOFWsPq12CkaCpAWsqJMf3AT2yYEW0Z5TCvDFIDCaFTMoa+Q0kEmDBb7DrHF84Z4Vhp96TFC/f3REaEMTMRuU5B7MSs1nLzv1o/tfF1mDGZpBYkXX4UpxxbhfPD8YhpoJbPHBCqmdsV0wnRhFoXT8WFEKyevA6dRj1wfN+oNW+KOMroDJ2jSxSgK9REd6iF2oiiCXpGr+jNE96L9+59LFtLXjFziv7I+/wBQkSOXA==</latexit><latexit sha1_base64="t9i3zLNoZKZ049r/WrU1dLbnwfg=">AAAB63icbZC7SgNBFIZn4y3GW9TSZjAIVmE3jZZBG8sI5gLJEmYnZ5Mhc1lmZoW45BVsLBSx9YXsfBtnky008YeBj/+cw5zzRwlnxvr+t1fa2Nza3invVvb2Dw6PqscnHaNSTaFNFVe6FxEDnEloW2Y59BINREQcutH0Nq93H0EbpuSDnSUQCjKWLGaU2Nx6UhKG1Zpf9xfC6xAUUEOFWsPq12CkaCpAWsqJMf3AT2yYEW0Z5TCvDFIDCaFTMoa+Q0kEmDBb7DrHF84Z4Vhp96TFC/f3REaEMTMRuU5B7MSs1nLzv1o/tfF1mDGZpBYkXX4UpxxbhfPD8YhpoJbPHBCqmdsV0wnRhFoXT8WFEKyevA6dRj1wfN+oNW+KOMroDJ2jSxSgK9REd6iF2oiiCXpGr+jNE96L9+59LFtLXjFziv7I+/wBQkSOXA==</latexit>
26.5d
<latexit sha1_base64="RTXGZqlcHD6Ae0gZxbZ4/CM0jNU=">AAAB7HicbZDLSgMxFIZP6q3WW9Wlm2ARXJWZ4m1ZdOOygtMW2qFkMpk2NJMZkoxQhj6DGxeKuPWB3Pk2pu0stPWHwMd/ziHn/EEquDaO841Ka+sbm1vl7crO7t7+QfXwqK2TTFHm0UQkqhsQzQSXzDPcCNZNFSNxIFgnGN/N6p0npjRP5KOZpMyPyVDyiFNirOU1ruqX4aBac+rOXHgV3AJqUKg1qH71w4RmMZOGCqJ1z3VS4+dEGU4Fm1b6mWYpoWMyZD2LksRM+/l82Sk+s06Io0TZJw2eu78nchJrPYkD2xkTM9LLtZn5X62XmejGz7lMM8MkXXwUZQKbBM8uxyFXjBoxsUCo4nZXTEdEEWpsPhUbgrt88iq0G3XX8sNFrXlbxFGGEziFc3DhGppwDy3wgAKHZ3iFNyTRC3pHH4vWEipmjuGP0OcPkUyN2w==</latexit><latexit sha1_base64="RTXGZqlcHD6Ae0gZxbZ4/CM0jNU=">AAAB7HicbZDLSgMxFIZP6q3WW9Wlm2ARXJWZ4m1ZdOOygtMW2qFkMpk2NJMZkoxQhj6DGxeKuPWB3Pk2pu0stPWHwMd/ziHn/EEquDaO841Ka+sbm1vl7crO7t7+QfXwqK2TTFHm0UQkqhsQzQSXzDPcCNZNFSNxIFgnGN/N6p0npjRP5KOZpMyPyVDyiFNirOU1ruqX4aBac+rOXHgV3AJqUKg1qH71w4RmMZOGCqJ1z3VS4+dEGU4Fm1b6mWYpoWMyZD2LksRM+/l82Sk+s06Io0TZJw2eu78nchJrPYkD2xkTM9LLtZn5X62XmejGz7lMM8MkXXwUZQKbBM8uxyFXjBoxsUCo4nZXTEdEEWpsPhUbgrt88iq0G3XX8sNFrXlbxFGGEziFc3DhGppwDy3wgAKHZ3iFNyTRC3pHH4vWEipmjuGP0OcPkUyN2w==</latexit><latexit sha1_base64="RTXGZqlcHD6Ae0gZxbZ4/CM0jNU=">AAAB7HicbZDLSgMxFIZP6q3WW9Wlm2ARXJWZ4m1ZdOOygtMW2qFkMpk2NJMZkoxQhj6DGxeKuPWB3Pk2pu0stPWHwMd/ziHn/EEquDaO841Ka+sbm1vl7crO7t7+QfXwqK2TTFHm0UQkqhsQzQSXzDPcCNZNFSNxIFgnGN/N6p0npjRP5KOZpMyPyVDyiFNirOU1ruqX4aBac+rOXHgV3AJqUKg1qH71w4RmMZOGCqJ1z3VS4+dEGU4Fm1b6mWYpoWMyZD2LksRM+/l82Sk+s06Io0TZJw2eu78nchJrPYkD2xkTM9LLtZn5X62XmejGz7lMM8MkXXwUZQKbBM8uxyFXjBoxsUCo4nZXTEdEEWpsPhUbgrt88iq0G3XX8sNFrXlbxFGGEziFc3DhGppwDy3wgAKHZ3iFNyTRC3pHH4vWEipmjuGP0OcPkUyN2w==</latexit><latexit sha1_base64="RTXGZqlcHD6Ae0gZxbZ4/CM0jNU=">AAAB7HicbZDLSgMxFIZP6q3WW9Wlm2ARXJWZ4m1ZdOOygtMW2qFkMpk2NJMZkoxQhj6DGxeKuPWB3Pk2pu0stPWHwMd/ziHn/EEquDaO841Ka+sbm1vl7crO7t7+QfXwqK2TTFHm0UQkqhsQzQSXzDPcCNZNFSNxIFgnGN/N6p0npjRP5KOZpMyPyVDyiFNirOU1ruqX4aBac+rOXHgV3AJqUKg1qH71w4RmMZOGCqJ1z3VS4+dEGU4Fm1b6mWYpoWMyZD2LksRM+/l82Sk+s06Io0TZJw2eu78nchJrPYkD2xkTM9LLtZn5X62XmejGz7lMM8MkXXwUZQKbBM8uxyFXjBoxsUCo4nZXTEdEEWpsPhUbgrt88iq0G3XX8sNFrXlbxFGGEziFc3DhGppwDy3wgAKHZ3iFNyTRC3pHH4vWEipmjuGP0OcPkUyN2w==</latexit> 5d
<latexit sha1_base64="7qlDq4OuLARJQdJ32yZ0VxZ5Xso=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfRY9OKxorWFNpTNZtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5BKYdB1v53Syura+kZ5s7K1vbO7V90/eDRJphlvsUQmuhNQw6VQvIUCJe+kmtM4kLwdjG6m9fYT10Yk6gHHKfdjOlAiEoyite4vSNiv1ty6OxNZBq+AGhRq9qtfvTBhWcwVMkmN6Xpuin5ONQom+aTSywxPKRvRAe9aVDTmxs9nq07IiXVCEiXaPoVk5v6eyGlszDgObGdMcWgWa1Pzv1o3w+jKz4VKM+SKzT+KMkkwIdO7SSg0ZyjHFijTwu5K2JBqytCmU7EheIsnL8PjWd2zfHdea1wXcZThCI7hFDy4hAbcQhNawGAAz/AKb450Xpx352PeWnKKmUP4I+fzB5MijVE=</latexit><latexit sha1_base64="7qlDq4OuLARJQdJ32yZ0VxZ5Xso=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfRY9OKxorWFNpTNZtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5BKYdB1v53Syura+kZ5s7K1vbO7V90/eDRJphlvsUQmuhNQw6VQvIUCJe+kmtM4kLwdjG6m9fYT10Yk6gHHKfdjOlAiEoyite4vSNiv1ty6OxNZBq+AGhRq9qtfvTBhWcwVMkmN6Xpuin5ONQom+aTSywxPKRvRAe9aVDTmxs9nq07IiXVCEiXaPoVk5v6eyGlszDgObGdMcWgWa1Pzv1o3w+jKz4VKM+SKzT+KMkkwIdO7SSg0ZyjHFijTwu5K2JBqytCmU7EheIsnL8PjWd2zfHdea1wXcZThCI7hFDy4hAbcQhNawGAAz/AKb450Xpx352PeWnKKmUP4I+fzB5MijVE=</latexit><latexit sha1_base64="7qlDq4OuLARJQdJ32yZ0VxZ5Xso=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfRY9OKxorWFNpTNZtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5BKYdB1v53Syura+kZ5s7K1vbO7V90/eDRJphlvsUQmuhNQw6VQvIUCJe+kmtM4kLwdjG6m9fYT10Yk6gHHKfdjOlAiEoyite4vSNiv1ty6OxNZBq+AGhRq9qtfvTBhWcwVMkmN6Xpuin5ONQom+aTSywxPKRvRAe9aVDTmxs9nq07IiXVCEiXaPoVk5v6eyGlszDgObGdMcWgWa1Pzv1o3w+jKz4VKM+SKzT+KMkkwIdO7SSg0ZyjHFijTwu5K2JBqytCmU7EheIsnL8PjWd2zfHdea1wXcZThCI7hFDy4hAbcQhNawGAAz/AKb450Xpx352PeWnKKmUP4I+fzB5MijVE=</latexit><latexit sha1_base64="7qlDq4OuLARJQdJ32yZ0VxZ5Xso=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSUfRY9OKxorWFNpTNZtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5BKYdB1v53Syura+kZ5s7K1vbO7V90/eDRJphlvsUQmuhNQw6VQvIUCJe+kmtM4kLwdjG6m9fYT10Yk6gHHKfdjOlAiEoyite4vSNiv1ty6OxNZBq+AGhRq9qtfvTBhWcwVMkmN6Xpuin5ONQom+aTSywxPKRvRAe9aVDTmxs9nq07IiXVCEiXaPoVk5v6eyGlszDgObGdMcWgWa1Pzv1o3w+jKz4VKM+SKzT+KMkkwIdO7SSg0ZyjHFijTwu5K2JBqytCmU7EheIsnL8PjWd2zfHdea1wXcZThCI7hFDy4hAbcQhNawGAAz/AKb450Xpx352PeWnKKmUP4I+fzB5MijVE=</latexit>
2
.5
d
<latexit sha1_base64="WQuVqgzHljafKmnYvy3VdVjkXXs=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozxaLLohuXFewF2qFkMpk2NMkMSUYoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/EHCmTau++2UNja3tnfKu5W9/YPDo+rxSVfHqSK0Q2Ieq36ANeVM0o5hhtN+oigWAae9YHqX13tPVGkWy0czS6gv8FiyiBFscqtRb4ajas2tuwuhdfAKqEGh9qj6NQxjkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEwHFiUWVPvZYtc5urBOiKJY2ScNWri/JzIstJ6JwHYKbCZ6tZab/9UGqYlu/IzJJDVUkuVHUcqRiVF+OAqZosTwmQVMFLO7IjLBChNj46nYELzVk9eh26h7lh+uaq3bIo4ynME5XIIH19CCe2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+R8/gAZto2b</latexit><latexit sha1_base64="WQuVqgzHljafKmnYvy3VdVjkXXs=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozxaLLohuXFewF2qFkMpk2NMkMSUYoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/EHCmTau++2UNja3tnfKu5W9/YPDo+rxSVfHqSK0Q2Ieq36ANeVM0o5hhtN+oigWAae9YHqX13tPVGkWy0czS6gv8FiyiBFscqtRb4ajas2tuwuhdfAKqEGh9qj6NQxjkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEwHFiUWVPvZYtc5urBOiKJY2ScNWri/JzIstJ6JwHYKbCZ6tZab/9UGqYlu/IzJJDVUkuVHUcqRiVF+OAqZosTwmQVMFLO7IjLBChNj46nYELzVk9eh26h7lh+uaq3bIo4ynME5XIIH19CCe2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+R8/gAZto2b</latexit><latexit sha1_base64="WQuVqgzHljafKmnYvy3VdVjkXXs=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozxaLLohuXFewF2qFkMpk2NMkMSUYoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/EHCmTau++2UNja3tnfKu5W9/YPDo+rxSVfHqSK0Q2Ieq36ANeVM0o5hhtN+oigWAae9YHqX13tPVGkWy0czS6gv8FiyiBFscqtRb4ajas2tuwuhdfAKqEGh9qj6NQxjkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEwHFiUWVPvZYtc5urBOiKJY2ScNWri/JzIstJ6JwHYKbCZ6tZab/9UGqYlu/IzJJDVUkuVHUcqRiVF+OAqZosTwmQVMFLO7IjLBChNj46nYELzVk9eh26h7lh+uaq3bIo4ynME5XIIH19CCe2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+R8/gAZto2b</latexit><latexit sha1_base64="WQuVqgzHljafKmnYvy3VdVjkXXs=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozxaLLohuXFewF2qFkMpk2NMkMSUYoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/EHCmTau++2UNja3tnfKu5W9/YPDo+rxSVfHqSK0Q2Ieq36ANeVM0o5hhtN+oigWAae9YHqX13tPVGkWy0czS6gv8FiyiBFscqtRb4ajas2tuwuhdfAKqEGh9qj6NQxjkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEwHFiUWVPvZYtc5urBOiKJY2ScNWri/JzIstJ6JwHYKbCZ6tZab/9UGqYlu/IzJJDVUkuVHUcqRiVF+OAqZosTwmQVMFLO7IjLBChNj46nYELzVk9eh26h7lh+uaq3bIo4ynME5XIIH19CCe2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+R8/gAZto2b</latexit> 2
.5
d
<latexit sha1_base64="WQuVqgzHljafKmnYvy3VdVjkXXs=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozxaLLohuXFewF2qFkMpk2NMkMSUYoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/EHCmTau++2UNja3tnfKu5W9/YPDo+rxSVfHqSK0Q2Ieq36ANeVM0o5hhtN+oigWAae9YHqX13tPVGkWy0czS6gv8FiyiBFscqtRb4ajas2tuwuhdfAKqEGh9qj6NQxjkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEwHFiUWVPvZYtc5urBOiKJY2ScNWri/JzIstJ6JwHYKbCZ6tZab/9UGqYlu/IzJJDVUkuVHUcqRiVF+OAqZosTwmQVMFLO7IjLBChNj46nYELzVk9eh26h7lh+uaq3bIo4ynME5XIIH19CCe2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+R8/gAZto2b</latexit><latexit sha1_base64="WQuVqgzHljafKmnYvy3VdVjkXXs=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozxaLLohuXFewF2qFkMpk2NMkMSUYoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/EHCmTau++2UNja3tnfKu5W9/YPDo+rxSVfHqSK0Q2Ieq36ANeVM0o5hhtN+oigWAae9YHqX13tPVGkWy0czS6gv8FiyiBFscqtRb4ajas2tuwuhdfAKqEGh9qj6NQxjkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEwHFiUWVPvZYtc5urBOiKJY2ScNWri/JzIstJ6JwHYKbCZ6tZab/9UGqYlu/IzJJDVUkuVHUcqRiVF+OAqZosTwmQVMFLO7IjLBChNj46nYELzVk9eh26h7lh+uaq3bIo4ynME5XIIH19CCe2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+R8/gAZto2b</latexit><latexit sha1_base64="WQuVqgzHljafKmnYvy3VdVjkXXs=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozxaLLohuXFewF2qFkMpk2NMkMSUYoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/EHCmTau++2UNja3tnfKu5W9/YPDo+rxSVfHqSK0Q2Ieq36ANeVM0o5hhtN+oigWAae9YHqX13tPVGkWy0czS6gv8FiyiBFscqtRb4ajas2tuwuhdfAKqEGh9qj6NQxjkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEwHFiUWVPvZYtc5urBOiKJY2ScNWri/JzIstJ6JwHYKbCZ6tZab/9UGqYlu/IzJJDVUkuVHUcqRiVF+OAqZosTwmQVMFLO7IjLBChNj46nYELzVk9eh26h7lh+uaq3bIo4ynME5XIIH19CCe2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+R8/gAZto2b</latexit><latexit sha1_base64="WQuVqgzHljafKmnYvy3VdVjkXXs=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozxaLLohuXFewF2qFkMpk2NMkMSUYoQ1/BjQtF3PpC7nwbM+0stPWHwMd/ziHn/EHCmTau++2UNja3tnfKu5W9/YPDo+rxSVfHqSK0Q2Ieq36ANeVM0o5hhtN+oigWAae9YHqX13tPVGkWy0czS6gv8FiyiBFscqtRb4ajas2tuwuhdfAKqEGh9qj6NQxjkgoqDeFY64HnJsbPsDKMcDqvDFNNE0ymeEwHFiUWVPvZYtc5urBOiKJY2ScNWri/JzIstJ6JwHYKbCZ6tZab/9UGqYlu/IzJJDVUkuVHUcqRiVF+OAqZosTwmQVMFLO7IjLBChNj46nYELzVk9eh26h7lh+uaq3bIo4ynME5XIIH19CCe2hDBwhM4Ble4c0Rzovz7nwsW0tOMXMKf+R8/gAZto2b</latexit> 3d
<latexit sha1_base64="FECJj0e5gGxh6pyRmROUf9J3CoU=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxirWFNpTNZtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5AKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDFssUQkqhNQjYJLbBluBHZShTQOBLaD0c203n5CpXkiH8w4RT+mA8kjzqix1v152K/W3Lo7E1kGr4AaFGr2q1+9MGFZjNIwQbXuem5q/Jwqw5nASaWXaUwpG9EBdi1KGqP289mmE3JinZBEibJPGjJzf0/kNNZ6HAe2M6ZmqBdrU/O/Wjcz0ZWfc5lmBiWbfxRlgpiETM8mIVfIjBhboExxuythQ6ooMzacig3BWzx5GR7P6p7lu4ta47qIowxHcAyn4MElNOAWmtACBhE8wyu8OSPnxXl3PuatJaeYOYQ/cj5/ADpdjSU=</latexit><latexit sha1_base64="FECJj0e5gGxh6pyRmROUf9J3CoU=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxirWFNpTNZtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5AKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDFssUQkqhNQjYJLbBluBHZShTQOBLaD0c203n5CpXkiH8w4RT+mA8kjzqix1v152K/W3Lo7E1kGr4AaFGr2q1+9MGFZjNIwQbXuem5q/Jwqw5nASaWXaUwpG9EBdi1KGqP289mmE3JinZBEibJPGjJzf0/kNNZ6HAe2M6ZmqBdrU/O/Wjcz0ZWfc5lmBiWbfxRlgpiETM8mIVfIjBhboExxuythQ6ooMzacig3BWzx5GR7P6p7lu4ta47qIowxHcAyn4MElNOAWmtACBhE8wyu8OSPnxXl3PuatJaeYOYQ/cj5/ADpdjSU=</latexit><latexit sha1_base64="FECJj0e5gGxh6pyRmROUf9J3CoU=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxirWFNpTNZtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5AKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDFssUQkqhNQjYJLbBluBHZShTQOBLaD0c203n5CpXkiH8w4RT+mA8kjzqix1v152K/W3Lo7E1kGr4AaFGr2q1+9MGFZjNIwQbXuem5q/Jwqw5nASaWXaUwpG9EBdi1KGqP289mmE3JinZBEibJPGjJzf0/kNNZ6HAe2M6ZmqBdrU/O/Wjcz0ZWfc5lmBiWbfxRlgpiETM8mIVfIjBhboExxuythQ6ooMzacig3BWzx5GR7P6p7lu4ta47qIowxHcAyn4MElNOAWmtACBhE8wyu8OSPnxXl3PuatJaeYOYQ/cj5/ADpdjSU=</latexit><latexit sha1_base64="FECJj0e5gGxh6pyRmROUf9J3CoU=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxirWFNpTNZtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5AKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDFssUQkqhNQjYJLbBluBHZShTQOBLaD0c203n5CpXkiH8w4RT+mA8kjzqix1v152K/W3Lo7E1kGr4AaFGr2q1+9MGFZjNIwQbXuem5q/Jwqw5nASaWXaUwpG9EBdi1KGqP289mmE3JinZBEibJPGjJzf0/kNNZ6HAe2M6ZmqBdrU/O/Wjcz0ZWfc5lmBiWbfxRlgpiETM8mIVfIjBhboExxuythQ6ooMzacig3BWzx5GR7P6p7lu4ta47qIowxHcAyn4MElNOAWmtACBhE8wyu8OSPnxXl3PuatJaeYOYQ/cj5/ADpdjSU=</latexit>
4d
<latexit sha1_base64="m4Ubz8bkbC7tETdbghRc+RYX8Nw=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNZtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2o4VIo3kKBkndTzWkcSN4JxrezeueJayMS9YiTlPsxHSoRCUbRWg+X4aBac+vuXGQVvAJqUKg5qH71w4RlMVfIJDWm57kp+jnVKJjk00o/MzylbEyHvGdR0ZgbP59vOiVn1glJlGj7FJK5+3sip7ExkziwnTHFkVmuzcz/ar0Mo2s/FyrNkCu2+CjKJMGEzM4modCcoZxYoEwLuythI6opQxtOxYbgLZ+8Cu2Lumf5/rLWuCniKMMJnMI5eHAFDbiDJrSAQQTP8Apvzth5cd6dj0VrySlmjuGPnM8fO+KNJg==</latexit><latexit sha1_base64="m4Ubz8bkbC7tETdbghRc+RYX8Nw=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNZtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2o4VIo3kKBkndTzWkcSN4JxrezeueJayMS9YiTlPsxHSoRCUbRWg+X4aBac+vuXGQVvAJqUKg5qH71w4RlMVfIJDWm57kp+jnVKJjk00o/MzylbEyHvGdR0ZgbP59vOiVn1glJlGj7FJK5+3sip7ExkziwnTHFkVmuzcz/ar0Mo2s/FyrNkCu2+CjKJMGEzM4modCcoZxYoEwLuythI6opQxtOxYbgLZ+8Cu2Lumf5/rLWuCniKMMJnMI5eHAFDbiDJrSAQQTP8Apvzth5cd6dj0VrySlmjuGPnM8fO+KNJg==</latexit><latexit sha1_base64="m4Ubz8bkbC7tETdbghRc+RYX8Nw=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNZtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2o4VIo3kKBkndTzWkcSN4JxrezeueJayMS9YiTlPsxHSoRCUbRWg+X4aBac+vuXGQVvAJqUKg5qH71w4RlMVfIJDWm57kp+jnVKJjk00o/MzylbEyHvGdR0ZgbP59vOiVn1glJlGj7FJK5+3sip7ExkziwnTHFkVmuzcz/ar0Mo2s/FyrNkCu2+CjKJMGEzM4modCcoZxYoEwLuythI6opQxtOxYbgLZ+8Cu2Lumf5/rLWuCniKMMJnMI5eHAFDbiDJrSAQQTP8Apvzth5cd6dj0VrySlmjuGPnM8fO+KNJg==</latexit><latexit sha1_base64="m4Ubz8bkbC7tETdbghRc+RYX8Nw=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxiv2ANpTNZtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOsLCw/vzLAzb5BKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2o4VIo3kKBkndTzWkcSN4JxrezeueJayMS9YiTlPsxHSoRCUbRWg+X4aBac+vuXGQVvAJqUKg5qH71w4RlMVfIJDWm57kp+jnVKJjk00o/MzylbEyHvGdR0ZgbP59vOiVn1glJlGj7FJK5+3sip7ExkziwnTHFkVmuzcz/ar0Mo2s/FyrNkCu2+CjKJMGEzM4modCcoZxYoEwLuythI6opQxtOxYbgLZ+8Cu2Lumf5/rLWuCniKMMJnMI5eHAFDbiDJrSAQQTP8Apvzth5cd6dj0VrySlmjuGPnM8fO+KNJg==</latexit>
S2
<latexit sha1_base64="P+e/YYcLxz7K0Mq5+qquaCeB/tw=">AAAB8nicdVBNSwMxEM3Wr1q/qh69BIvgqWTbFdtb0YvHivYD2lKyadqGJrtLMiuWpT/DiwdFvPprvPlvzLYVVPTBwOO9GWbm+ZEUBgj5cDIrq2vrG9nN3Nb2zu5efv+gacJYM95goQx126eGSxHwBgiQvB1pTpUvecufXKZ+645rI8LgFqYR7yk6CsRQMApW6nSB34NWyc2s1M8XSLFKXI+UMSm6lRIpVVPild0zD7tFMkcBLVHv59+7g5DFigfAJDWm45IIegnVIJjks1w3NjyibEJHvGNpQBU3vWR+8gyfWGWAh6G2FQCeq98nEqqMmSrfdioKY/PbS8W/vE4Mw0ovEUEUAw/YYtEwlhhCnP6PB0JzBnJqCWVa2FsxG1NNGdiUcjaEr0/x/6RZKrqWX3uF2sUyjiw6QsfoFLnoHNXQFaqjBmIoRA/oCT074Dw6L87rojXjLGcO0Q84b5/ZUJGe</latexit><latexit sha1_base64="P+e/YYcLxz7K0Mq5+qquaCeB/tw=">AAAB8nicdVBNSwMxEM3Wr1q/qh69BIvgqWTbFdtb0YvHivYD2lKyadqGJrtLMiuWpT/DiwdFvPprvPlvzLYVVPTBwOO9GWbm+ZEUBgj5cDIrq2vrG9nN3Nb2zu5efv+gacJYM95goQx126eGSxHwBgiQvB1pTpUvecufXKZ+645rI8LgFqYR7yk6CsRQMApW6nSB34NWyc2s1M8XSLFKXI+UMSm6lRIpVVPild0zD7tFMkcBLVHv59+7g5DFigfAJDWm45IIegnVIJjks1w3NjyibEJHvGNpQBU3vWR+8gyfWGWAh6G2FQCeq98nEqqMmSrfdioKY/PbS8W/vE4Mw0ovEUEUAw/YYtEwlhhCnP6PB0JzBnJqCWVa2FsxG1NNGdiUcjaEr0/x/6RZKrqWX3uF2sUyjiw6QsfoFLnoHNXQFaqjBmIoRA/oCT074Dw6L87rojXjLGcO0Q84b5/ZUJGe</latexit><latexit sha1_base64="P+e/YYcLxz7K0Mq5+qquaCeB/tw=">AAAB8nicdVBNSwMxEM3Wr1q/qh69BIvgqWTbFdtb0YvHivYD2lKyadqGJrtLMiuWpT/DiwdFvPprvPlvzLYVVPTBwOO9GWbm+ZEUBgj5cDIrq2vrG9nN3Nb2zu5efv+gacJYM95goQx126eGSxHwBgiQvB1pTpUvecufXKZ+645rI8LgFqYR7yk6CsRQMApW6nSB34NWyc2s1M8XSLFKXI+UMSm6lRIpVVPild0zD7tFMkcBLVHv59+7g5DFigfAJDWm45IIegnVIJjks1w3NjyibEJHvGNpQBU3vWR+8gyfWGWAh6G2FQCeq98nEqqMmSrfdioKY/PbS8W/vE4Mw0ovEUEUAw/YYtEwlhhCnP6PB0JzBnJqCWVa2FsxG1NNGdiUcjaEr0/x/6RZKrqWX3uF2sUyjiw6QsfoFLnoHNXQFaqjBmIoRA/oCT074Dw6L87rojXjLGcO0Q84b5/ZUJGe</latexit><latexit sha1_base64="P+e/YYcLxz7K0Mq5+qquaCeB/tw=">AAAB8nicdVBNSwMxEM3Wr1q/qh69BIvgqWTbFdtb0YvHivYD2lKyadqGJrtLMiuWpT/DiwdFvPprvPlvzLYVVPTBwOO9GWbm+ZEUBgj5cDIrq2vrG9nN3Nb2zu5efv+gacJYM95goQx126eGSxHwBgiQvB1pTpUvecufXKZ+645rI8LgFqYR7yk6CsRQMApW6nSB34NWyc2s1M8XSLFKXI+UMSm6lRIpVVPild0zD7tFMkcBLVHv59+7g5DFigfAJDWm45IIegnVIJjks1w3NjyibEJHvGNpQBU3vWR+8gyfWGWAh6G2FQCeq98nEqqMmSrfdioKY/PbS8W/vE4Mw0ovEUEUAw/YYtEwlhhCnP6PB0JzBnJqCWVa2FsxG1NNGdiUcjaEr0/x/6RZKrqWX3uF2sUyjiw6QsfoFLnoHNXQFaqjBmIoRA/oCT074Dw6L87rojXjLGcO0Q84b5/ZUJGe</latexit>
S3
<latexit sha1_base64="WwA+o2z+FTXGZ537E11mVs7gfBU=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4GnqSiMkt6MVjRLPAZAg9nZ6kSc9Cd40YhnyGFw+KePVrvPk3dhZBRR8UPN6roqqen0ihgZAPK7eyura+kd8sbG3v7O4V9w/aOk4V4y0Wy1h1faq5FBFvgQDJu4niNPQl7/jjy5nfueNKizi6hUnCvZAOIxEIRsFIbg/4Pagwu5lW+sUSsevEqZIKJrZTK5NyfUaqFeesih2bzFFCSzT7xffeIGZpyCNgkmrtOiQBL6MKBJN8WuilmieUjemQu4ZGNOTay+YnT/GJUQY4iJWpCPBc/T6R0VDrSeibzpDCSP/2ZuJfnptCUPMyESUp8IgtFgWpxBDj2f94IBRnICeGUKaEuRWzEVWUgUmpYEL4+hT/T9pl2zH8ulpqXCzjyKMjdIxOkYPOUQNdoSZqIYZi9ICe0LMF1qP1Yr0uWnPWcuYQ/YD19gna1JGf</latexit><latexit sha1_base64="WwA+o2z+FTXGZ537E11mVs7gfBU=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4GnqSiMkt6MVjRLPAZAg9nZ6kSc9Cd40YhnyGFw+KePVrvPk3dhZBRR8UPN6roqqen0ihgZAPK7eyura+kd8sbG3v7O4V9w/aOk4V4y0Wy1h1faq5FBFvgQDJu4niNPQl7/jjy5nfueNKizi6hUnCvZAOIxEIRsFIbg/4Pagwu5lW+sUSsevEqZIKJrZTK5NyfUaqFeesih2bzFFCSzT7xffeIGZpyCNgkmrtOiQBL6MKBJN8WuilmieUjemQu4ZGNOTay+YnT/GJUQY4iJWpCPBc/T6R0VDrSeibzpDCSP/2ZuJfnptCUPMyESUp8IgtFgWpxBDj2f94IBRnICeGUKaEuRWzEVWUgUmpYEL4+hT/T9pl2zH8ulpqXCzjyKMjdIxOkYPOUQNdoSZqIYZi9ICe0LMF1qP1Yr0uWnPWcuYQ/YD19gna1JGf</latexit><latexit sha1_base64="WwA+o2z+FTXGZ537E11mVs7gfBU=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4GnqSiMkt6MVjRLPAZAg9nZ6kSc9Cd40YhnyGFw+KePVrvPk3dhZBRR8UPN6roqqen0ihgZAPK7eyura+kd8sbG3v7O4V9w/aOk4V4y0Wy1h1faq5FBFvgQDJu4niNPQl7/jjy5nfueNKizi6hUnCvZAOIxEIRsFIbg/4Pagwu5lW+sUSsevEqZIKJrZTK5NyfUaqFeesih2bzFFCSzT7xffeIGZpyCNgkmrtOiQBL6MKBJN8WuilmieUjemQu4ZGNOTay+YnT/GJUQY4iJWpCPBc/T6R0VDrSeibzpDCSP/2ZuJfnptCUPMyESUp8IgtFgWpxBDj2f94IBRnICeGUKaEuRWzEVWUgUmpYEL4+hT/T9pl2zH8ulpqXCzjyKMjdIxOkYPOUQNdoSZqIYZi9ICe0LMF1qP1Yr0uWnPWcuYQ/YD19gna1JGf</latexit><latexit sha1_base64="WwA+o2z+FTXGZ537E11mVs7gfBU=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4GnqSiMkt6MVjRLPAZAg9nZ6kSc9Cd40YhnyGFw+KePVrvPk3dhZBRR8UPN6roqqen0ihgZAPK7eyura+kd8sbG3v7O4V9w/aOk4V4y0Wy1h1faq5FBFvgQDJu4niNPQl7/jjy5nfueNKizi6hUnCvZAOIxEIRsFIbg/4Pagwu5lW+sUSsevEqZIKJrZTK5NyfUaqFeesih2bzFFCSzT7xffeIGZpyCNgkmrtOiQBL6MKBJN8WuilmieUjemQu4ZGNOTay+YnT/GJUQY4iJWpCPBc/T6R0VDrSeibzpDCSP/2ZuJfnptCUPMyESUp8IgtFgWpxBDj2f94IBRnICeGUKaEuRWzEVWUgUmpYEL4+hT/T9pl2zH8ulpqXCzjyKMjdIxOkYPOUQNdoSZqIYZi9ICe0LMF1qP1Yr0uWnPWcuYQ/YD19gna1JGf</latexit>
S4
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Figure 6: Sketch of the problem set up for an incoming second-order Stokes wave interacting with a trapezoidal structure; (blue)
initially quiescent water of depth d; (orange) stationary trapezoidal obstacle; (grey) region over which velocities and level set
values are damped; (red) locations of the water elevation measurement stations. Diagram is not to scale.
have length 5d and 27.5d, respectively, and its height is 0.75d; see Fig. 6 for a full description of the problem
set up. All of the trapezoid’s translational and rotational degrees of freedom are locked and it is fully
constrained to remain stationary. Since the structure is fully submerged in one fluid, the issue of parasitic
currents due to gravitational force does not arise in this scenario and the solid density is set equal to the
water phase density. The primary quantities of interest for this example are the elevation values collected
from six stations placed along the computational domain. This problem has been studied experimentally by
Beji and Battjes [71, 72], and numerically by Kasem and Sasaki [67].
Visualizations of the evolving unobstructed wavefront from the previous section, and the wave-structure
interaction are shown in Fig. 5, top half and bottom half panels, respectively. Both simulations show
temporally cyclic behavior, although irregular amplitude profiles are exhibited by the WSI case. The irregular
wave amplitude corresponds to the wave shoaling effect (reduction of water depth near the shore) caused by
the submerged structure. The wave profile results qualitatively agree with those shown in [67].
To quantitatively assess the accuracy of the wave-structure interaction, the temporal evolution of wave
elevation at the six stations are shown in Fig. 7. The results are in decent agreement with the experimental
results described in [71, 72]. Our results are also in excellent agreement with the simulation results of Kasem
and Sasaki [67], with minor disagreements being explained by slight differences in the level set discretization,
advection, and reinitialization approaches. With the cases described in this section, we have demonstrated
that the numerical method described here can be used to accurately model and solve practical marine
engineering problems involving water wave-structure interaction.
8. Free-surface piercing and floating structure examples
This section investigates several additional 2D and 3D three-phase flow problems to verify the accuracy
of the present numerical method. The importance of consistent mass and momentum transport for numerical
stability [34] is demonstrated for WSI simulations involving air-water interfaces. We also compare our results
to benchmark problems drawn from the multiphase flow literature.
In some of the cases considered in this section the net hydrodynamic force
F(t) =
∮
Sb(t)
n · [−pI +∇ · [µ (∇u +∇uT )]] dS, (59)
is a quantity of interest. Here, n is the outward unit normal to the surface of the immersed body. An
extrinsic approach to computing these forces is via the Lagrange multiplier method [23, 32], which reads as
Fn+1 =
∑
Xl,m,n∈Vb
ρs
[
(Ub)
n+1
l,m,n − (Ub)nl,m,n
∆t
− ∆U
n+1
l,m,n
∆t
]
∆s1∆s2∆s3, (60)
21
Time
22 23 24 25 26 27
El
ev
at
io
n
-0.03
-0.02
-0.01
0
0.01
0.02
0.03
Experiment (Beji and Battjes)
Simulation (Kasem and Sasaki)
Present
(a) S2 station
Time
22 23 24 25 26 27
El
ev
at
io
n
-0.03
-0.02
-0.01
0
0.01
0.02
0.03
Experiment (Beji and Battjes)
Simulation (Kasem and Sasaki)
Present
(b) S3 station
Time
22 23 24 25 26 27
El
ev
at
io
n
-0.03
-0.02
-0.01
0
0.01
0.02
0.03
Experiment (Beji and Battjes)
Simulation (Kasem and Sasaki)
Present
(c) S4 station
Time
22 23 24 25 26 27
El
ev
at
io
n
-0.03
-0.02
-0.01
0
0.01
0.02
0.03
Experiment (Beji and Battjes)
Simulation (Kasem and Sasaki)
Present
(d) S5 station
Time
22 23 24 25 26 27
El
ev
at
io
n
-0.03
-0.02
-0.01
0
0.01
0.02
0.03
Experiment (Beji and Battjes)
Simulation (Kasem and Sasaki)
Present
(e) S6 station
Time
22 23 24 25 26 27
El
ev
at
io
n
-0.03
-0.02
-0.01
0
0.01
0.02
0.03
Experiment (Beji and Battjes)
Simulation (Kasem and Sasaki)
Present
(f) S7 station
Figure 7: Temporal evolution of wave elevation measured at stations (a) S2, (b) S3, (c) S4, (d) S5, (e) S6, and (f) S7, for a
2D second-order Stokes wave interacting with a stationary trapezoidal obstacle (see Fig. 6); (•, yellow) experimental data from
Beji and Battjes [71, 72]; (---, red) simulation data from Kasem and Sasaki [67]; (—, black) present simulation data.
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Figure 8: Temporal evolution of a cylinder free-falling into a column containing two fluids at six different time instances with
64 CPD.
in which the discrete approximations of the quantities on the right-hand side are readily available during
each time step. In a previous work, we have also described an accurate moving control volume approach to
computing hydrodynamic forces and torques on immersed bodies using Eulerian grids and without resolving
the irregular surface of the immersed structure [32]. Both Lagrangian and Eulerian approaches were shown
to be equivalent.
8.1. Cylinder splashing into two fluids
We first consider a cylinder dropping into a fluid-gas interface of modest density ratio of 1.5. The non-
conservative flow solver is considered for this problem. A circular cylinder of diameter D = 2.5× 10−3 and
density ρs = 1.5 × 103 is placed in a two dimensional computational domain of size Ω = [0, 8D] × [0, 48D]
with initial center position (X0, Y0) = (4D, 40D). The domain is filled halfway from y = 0 to y = 24D with
a fluid of density ρl = 1.25 × 103; the remainder of the tank, from y = 24D to y = 48D, is filled with a
lighter fluid of density ρg = 1×103. The viscosity µ = 1×10−3 is held constant throughout all three phases.
The domain is discretized using a N × 6N grid and no-slip boundary conditions are imposed along ∂Ω. A
constant time step size ∆t = 1/(39.0625N) is used. This problem has been studied numerically by Ghasemi
et al. [73]. Surface tension forces are neglected and one grid cell of smearing (ncells = 1) is used on either
side of the interfaces.
Fig. 8 shows evolution of the cylinder at various instances in dimensionless time T = t
√
g/D. At this
grid resolution, N = 512 or 64 cells per diameter (CPD), a cavity is formed in the wake of the cylinder as
it penetrates the interface. A symmetric jet forms as the cavity collapses, which shoots upwards and breaks
up. Additionally, gas phase entrainment is seen around the cylinder, which is experimentally seen in many
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Figure 9: Temporal evolution of (a) vertical position and (b) vertical velocity for a 2D cylinder free-falling into a column
containing two fluids. (•, yellow) simulation data from Ghasemi et al. [73]; (—, red) present simulation data with 32 grid cells
per diameter; (---, black) present simulation data for 64 grid cells per diameter.
three-phase flow problems. To demonstrate the quantitative accuracy of the fluid-structure interaction, the
vertical position and vertical velocity are plotted as a function of T in Fig. 9 for both 32 and 64 CPD. Both
the interface dynamics and the FSI are in decent agreement with the computational study of Ghasemi et
al., with minor disagreements being explained by differences in the interface tracking approaches (a fully-
Eulerian VOF method is used in [73] to simulate three phase flows). Additionally, the rigid body motion
in this work is tracked in a Lagrangian reference frame, while a fully-Eulerian FSI approach is used in [73],
which could explain the modest differences in vertical velocities after around T = 65 in Fig. 9(b); this is
when the immersed cylinder approaches the bottom of the computational domain. Even though convection
is a dominant process here, this numerical test case demonstrates that the non-conservative and inconsistent
mass and momentum transport scheme can still accurately simulate low density ratio three-phase flows.
8.2. Heaving cylinder on an air-water interface
This section investigates the heave decay of a cylinder floating on an air-water interface. A circular
cylinder of radius R = 0.0762 is placed within a two-dimensional computational domain of length L = 10
and height H = 0.2L. Water occupies the bottom portion of the domain from y = −16R to y = 0, while air
occupies the remainder of the tank from y = 0 to y = H − 16R. The cylinder is partially submerged in the
fluid phase with initial center position (X0, Y0) = (L/2, R/3) and is half as dense as water with ρs = 5×102.
Two grid cells of smearing ncells = 2 are used to transition between different material properties on either
side of the interfaces. Only the cylinder’s vertical degrees of freedom are unlocked and surface tension forces
are neglected . No-slip boundary conditions are imposed along ∂Ω. The conservative and consistent flow
solver is used for this case. This problem has been studied both experimentally by Ito¯ [74], and numerically
by Calderer et al. [18] and Ghasemi et al. [73].
The domain is discretized by grid of size 5N ×N and a constant time step size of ∆t = 3/(5N) is used.
To assess convergence, we consider three different grid sizes: N = 300, 600, 1200, which correspond to 11,
23, and 46 grid cells per radius (CPR), respectively. Fig. 10 shows the evolution of the cylinder and the
air-water interface at various instances in dimensionless time T = t
√
g/R for the 46 CPR simulation. Modest
vorticity is generated as the cylinder bobs up and down, and small ripples can be seen traveling outward
away from the body along the air-water interface. To quantitatively assess the accuracy and convergence
of the fluid-structure interaction, the vertical center of mass position of the cylinder (nondimensionalized
by Y0) is plotted against time in Fig. 11. As the resolution increases, the numerical simulations converge
towards the experimental results of Ito¯ [74]. As expected, the cylinder’s heave oscillation eventually damps
out as it reaches an equilibrium position on the water. This case is representative of real-world applications
such as wave energy converter devices, and demonstrates that the present numerical method can be used to
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Figure 10: Temporal evolution of a cylinder heaving on an air-water interface at four different time instances with 46 CPR:
(left) density and (right) vorticity generated in the range of −25 to 25.
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Figure 11: Temporal evolution of dimensionless vertical position for a 2D cylinder heaving on an air-water interface. (•, yellow)
experimental data from Ito¯ [74]; (-·-, blue) present simulation data with 11 grid cells per radius; (---, green) present simulation
data for 23 grid cells per radius; (—, black) present simulation data with 46 grid cells per radius.
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accurately simulate floating objects. We also simulated this case with the non-conservative flow solver and
obtained similar results (data not shown). Since the flow around the heaving cylinder is relatively moderate
and decays over time, the non-conservative solver remains stable even for a high density ratio of 103. This
will not be true for some of the cases shown later.
8.3. Heaving sphere on an air-water interface
As an extension to the case presented in the previous section, we now consider the heave decay of a
three-dimensional sphere floating on an air-water interface. A sphere of radius R = 0.254 is placed within a
three-dimensional computational domain that is equally long in each direction: Lx = Ly = Lz = 5. Water
occupies the bottom portion of the domain from z = −12.6R to z = 0, while air occupies the remainder of
the tank from z = 0 to z = Lz − 12.6R. The sphere is partially submerged in the fluid phase with initial
center position (X0, Y0, Z0) = (Lx/2, Ly/2, R/3) and is half as dense as water with ρs = 5 × 102. Two
grid cells of smearing ncells = 2 are used to transition between different material properties on either side
of the interfaces. Only the sphere’s vertical degrees of freedom are unlocked and surface tension forces are
neglected. The conservative and consistent flow solver is used for this case. No-slip boundary conditions are
imposed along ∂Ω. This case has been studied both experimentally by Beck and Liapis [75], and numerically
by Pathak and Raessi [19].
In contrast with the 2D case, these simulations make use of adaptive mesh refinement. The domain
is discretized by ` = 4 grid levels, each with refinement ratio nref = 2. Two simulations are carried out:
one with ∆x0 = ∆y0 = ∆y0 = 1/10 yielding a finest grid spacing of ∆xmin = ∆ymin = ∆zmin = 1/80 or
20 grid cells per radius (CPR), and one with ∆x0 = ∆y0 = ∆y0 = 1/20 yielding a finest grid spacing of
∆xmin = ∆ymin = ∆zmin = 1/160 or 40 CPR. A constant time step size of ∆t = 0.16∆xmin is used.
Fig. 12 shows snapshots of the heaving sphere and the free-surface evolution at two instances in di-
mensionless time T = t
√
g/R for the 40 CPR simulation. Over time, the sphere generates ripples in the
air-water interface that travel radially outward from the body. The finest mesh level surrounds both the
immersed structure and the air-water interface; additional local regions of refinement are not formed because
this particular case does not generate significant vorticity in the air phase. To quantitatively assess the ac-
curacy and convergence of the wave-structure interaction, the vertical center of mass position of the sphere
(nondimensionalized by Z0) is plotted against time in Fig. 13. As the resolution increases, the numerical
simulations converge towards the experimental results of Beck and Liapis [75]. Similar to the previous case,
the sphere’s oscillation eventually damps out as it reaches an equilibrium position on the air-water interface.
8.4. Static cylinder on an air-water interface
In the previous cases, the structure underwent free-body motion. Therefore, we employed the full gravi-
tational body force ρg in the computational domain. In this section, we demonstrate that using this same
treatment of gravitational forcing for fully constrained motion produces parasitic currents, whereas using
a gravitational forcing of the form ρflowg eliminates spurious velocity currents in such cases (see Sec. 5 for
discussion).
To begin, a circular cylinder of diameter D = 1 is placed within a 2D computational domain of size
Ω = [0, 5D]2. Water occupies the bottom half of the domain and air occupies the remainder of the tank.
The cylinder is placed at the center of the domain with initial center of mass (X0, Y0) = (2.5D, 2.5D). In
contrast with the previous cases, all of the cylinder’s translational and rotational degrees of freedom are
locked and it is fully constrained to remain stationary, i.e. Ub = (Ub, Vb) = (0, 0). As described in Sec. 5,
the density and viscosity in the solid region are set to those of the water phase. Two grid cells of smearing
ncells = 2 are used to transition between different material properties on either side of the interfaces, and
surface tension forces are neglected. No-slip boundary conditions are imposed along ∂Ω. The initial problem
set up is shown in Fig. 14(a).
We consider two forms of the gravitational body force:
1. the full gravitational forcing ρg, with ρ prescribed using Eq. (23),
2. the flow gravitational forcing ρflowg, with ρ prescribed using Eq. (22).
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(a) T = 0.62 (b) T = 18.64
(c) Mesh refinement at T = 0.62 (d) Mesh refinement at T = 18.64
Figure 12: Temporal evolution of a sphere heaving on an air-water interface at two different time instances with 40 CPR: (top)
density and (bottom) locations of the different refined mesh levels from coarsest to finest: red, green, pink, orange.
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Figure 13: Temporal evolution of dimensionless vertical position for a 3D sphere heaving on an air-water interface. (•, yellow)
experimental data from Beck and Liapis [75]; (---, red) present simulation data with 20 grid cells per radius; (—, black) present
simulation data for 40 grid cells per radius.
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Figure 14: (a) Initial problem set up for a stationary cylinder (orange) placed on a quiescent air-water interface. (b) Temporal
evolution of ‖u‖∞ with the (•, red) full gravitational forcing, and the (, blue) flow gravitational forcing. Velocity vectors and
gravitational forcing for (c) ρg, and (d) ρflowg at t = 1.0. The scale for velocity vectors is identical in both figures
The domain is discretized with a uniform N × N grid with N = 200 and a constant time step size of
∆t = 1/(5N) is used. For this particular case, no flow dynamics should be generated because the cylinder
is held fixed in place and the initially quiescent fluids should maintain hydrostatic equilibrium. Hence, the
quantity of interest is the L∞ norm of velocity ‖u‖∞, which indicates the largest value (in magnitude) of
parasitic velocity generated in the domain. Fig. 14(b) shows the temporal evolution of ‖u‖∞ as a function
of time for both cases. It is seen that the full gravitational forcing leads to nonzero velocity values that
do not dissipate over time. This is because spurious momentum is accumulated in the solid phase due
to its density value ρs while solving the discretized momentum equations (29) and (30). However, the
flow gravitational forcing produces velocities on the order of machine precision, indicating that hydrostatic
equilibrium is maintained. Figs 14(c) and 14(d) show the velocity vectors and gravitational forcing for both
cases at t = 1.0. Significant velocity is shown to be generated for the ρg case, while these velocities are
absent for the ρflowg case. Based on these test results, for all fully prescribed motion cases considered in
this paper, we make use of the flow gravitational forcing field to ensure accurate and well-balanced results.
Finally, we remark that the parasitic current generation due to the gravitational body force occurs for both
types of flow solvers.
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8.5. Water entry of a circular cylinder
In this section, we demonstrate the importance of consistent mass and momentum transport to achieve
stability for air-water density ratios. A circular cylinder of radius R = 0.055 is placed within a 2D compu-
tational domain of size Ω = [0, 40R] × [0, 24R]. Water occupies the bottom half of the domain from y = 0
to y = 12R and air occupies the remainder of the tank. The cylinder is placed just above the fluid phase
with initial center position (X0, Y0) = (20R, 14R) and has density equal to that of the water phase (i.e.
ρs = 1 × 103). Two grid cells of smearing ncells = 2 are used to transition between different material prop-
erties on either side of the interfaces, and surface tension forces are neglected. No-slip boundary conditions
are imposed along ∂Ω.
Similar to the previous case, all of the cylinder’s translational and rotational degrees of freedom are
locked and its motion is fully constrained to be unity in the vertical direction, i.e. Ub = (Ub, Vb) = (0,−1).
As described in Sec. 5, gravitational forces are not evaluated using the density within the solid region for
prescribed motion cases. The primary quantity of interest for this example is the dimensionless vertical
hydrodynamic force (slamming coefficient) given by
Cs =
F · ey
ρlRV 2b
(61)
as a function of the penetration depth Pd = Vb(t−timpact)/R, where timpact = R/Vb denotes the time at which
the bottom of the cylinder first touches the air-water interface. This case has been studied both analytically
by von Ka`rma`n [76], using potential flow theory, and experimentally by Campbell and Weynberg [77]. This
case has also been studied numerically by a number of authors, including Patel and Natarajan [22], Zhang
et al. [17], and Kleefsman et al. [78]. The domain is discretized by ` = 2 grid levels with refinement ratio
nref = 2. The grid spacing at the coarsest grid level is ∆x0 = ∆y0 = 1/200 yielding a finest grid spacing of
∆xmin = ∆ymin = 1/400 or 22 grid cells per radius. A constant time step size of ∆t = 0.02∆xmin is used.
As a first test, we demonstrate the importance of consistent mass and momentum transport for the
stability of high density ratio multiphase flows. Fig. 15 shows the evolution of the cylinder and the air-water
interface when simulated with inconsistent mass and momentum transport, i.e. by using a non-conservative
momentum integrator. The simulation quickly becomes unstable, leading to the generation of unphysical
interfaces and high regions of vorticity. Lowering the time step even further did not resolve these stability
problems. However, the simulation is stable when using consistent mass and momentum transport (Fig. 16).
As the cylinder enters the water, crashing wave-like structures are generated and air entrainment is seen
around the cylinder.
Fig. 17 shows the slamming coefficient as a function of penetration depth. The results are in decent
agreement with previous studies, with minor disagreements being explained by differences in the interface
tracking approaches and/or difference in the fluid-structure coupling techniques. This test case demonstrates
how important consistent mass and momentum transport is for stable simulation of practical multiphase
flows, for which air-water density ratios are ubiquitous. Moreover, we demonstrate that the present numerical
method can be used to accurately simulate problems involving fully prescribed body motion.
8.6. Rolling barge
In this section, we investigate the roll decay of a rectangular barge floating on an air-water interface.
A rectangle of length L = 0.3 and width W = L/3 is placed within a 2D computational domain of size
Ω = [−25W, 25W ]× [−9W, 16W ]. Water occupies the bottom portion of the domain up until y = 0 with air
occupying the remaining portion. The barge is initially situated with center of mass (X0, Y0) = (0, 0) at a 15
◦
angle of inclination with the horizontal, and has density ρs = 1.18×103. Two grid cells of smearing ncells = 2
are used to transition between different material properties on either side of the interfaces. Only the barge’s
rotational degrees of freedom are unlocked and surface tension forces are neglected. The conservative and
consistent flow solver is used for this case. No-slip boundary conditions are imposed along ∂Ω. This specific
2D case has been numerically studied by Patel and Natarajan [35].
The domain is discretized by a grid of size 2N × N with N = 1000, yielding 40 grid cells per width.
A constant time step size of dt = 1/(4N) is used. Fig. 18 shows the evolution of the rotating body and
the air-water interface at various instances in dimensionless time T = t
√
g/L. Vortices are shed from the
corners of the barge as it rolls back and forth and small disturbances are seen along the water. The temporal
29
(a) t = 0.05 (b) t = 0.15
(c) t = 0.25
Figure 15: Temporal evolution of a cylinder entering an air-water interface at four different time instances. Inconsistent
transport of mass and momentum is used for these cases. The simulation becomes unstable shortly after t = 0.25. The plotted
vorticity is in the range −50 to 50. Locations of the different refined mesh levels from coarsest to finest are shown in purple
and green.
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(a) t = 0.05 (b) t = 0.25
(c) t = 0.35 (d) t = 0.45
Figure 16: Temporal evolution of a cylinder entering an air-water interface at four different time instances. Consistent transport
of mass and momentum is used for these cases. The plotted vorticity is in the range −50 to 50. Locations of the different
refined mesh levels from coarsest to finest are shown in purple and green.
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Figure 17: Dimensionless slamming coefficient as a function of penetration depth for a 2D cylinder entering an air-water interface
at constant velocity. (•, yellow) experimental data from Campbell and Weynberg [77]; (—, black) analytical formula from von
Ka`rma`n [76]; (---, green) simulation data from Patel and Natarajan [22]; (-·-, blue) simulation data from Zhang et al. [17]
(..., purple) simulation data from Kleefsman et al. [78]; (-•-, red) present simulation data.
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evolution of the angle of inclination (Fig. 19) are in excellent agreement with the numerical results of Patel
and Natarajan [35]. Over time, the roll angle damps out due to the viscous forces of the water phase. This
case demonstrates that the present numerical method can be used to accurately simulate floating objects
undergoing rigid, rotational motion.
8.7. Wedge free-falling into water
In this section, we investigate the problem of a wedge-shaped object impacting a pool of water. A 2D
triangular body with top length L = 1.2 is placed within a computational domain of size Ω = [0, 10L] ×
[0, 2.5L]. The wedge is oriented with one of its vertices pointing downwards, making a 25◦ deadrise angle
with the horizontal. Water occupies the bottom third of the domain, while air occupies the remainder of
the tank. The bottom point of the wedge is placed with initial position (X0, Y0) = (5L, 23L/12) and the
wedge has density ρs = 466.6. Two grid cells of smearing ncells = 2 are used to transition between different
material properties on either side of the interfaces, and surface tension forces are neglected. No-slip boundary
conditions are imposed along ∂Ω. Only the wedge’s vertical degrees of freedom are unlocked.
For this 2D case, the domain is discretized by a 4N × N grid with N = 300, and a constant time step
size of ∆t = 3/(160N) is used. We again demonstrate the importance of consistent mass and momentum
transport by comparing inconsistent and consistent formulations. Fig. 20 shows the evolution of the wedge
and the air-water interface when simulated using the non-conservative momentum integrator. The simulation
becomes unstable as the wedge impacts the water, leading to the generation of unphysical interfaces and high
vorticity regions. Lowering the time step even further did not resolve these stability problems. However, the
simulation remains stable when using consistent mass and momentum transport, achieved by the conservative
momentum integrator. Fig. 21 shows physical interface deformation and reasonable vorticity generation from
the vertices of the wedge.
We now turn our attention to the free-fall and water impact of a 3D wedge. The three-dimensional wedge
geometry has a square top of size L× L with L = 1.2 and is placed within a computational domain of size
Ω = [0, 10L]× [0, 5L/3]× [0, 5L/2]. The wedge is placed such that there is a gap of size 5L/12 between the
vertical sides of the wedge and the lateral walls of the computational domain. The rest of the simulation
parameters are analogous to those of the previous 2D case. Consistent mass and momentum transport is
used.
In contrast with the two-dimensional case, we make heavy use of adaptive mesh refinement to selectively
resolve regions of interest. The domain is discretized by ` = 2 grid levels with refinement ratio nref = 2.
The grid spacing at the coarsest level is ∆x0 = ∆y0 = ∆z0 = 1/25, yielding a finest grid spacing of
∆xmin = ∆ymin = ∆zmin = 1/50. A constant time step size of ∆t = ∆xmin/160 is used. This 3D case has
been studied both experimentally by Yettou et al. [79], and numerically by Calderer et al. [18] and Pathak
and Raessi [19].
Fig 22 shows the locations of the different mesh levels at two snapshots in time. At the initial time,
(Fig. 22(a)) the region surrounding the air-solid and air-water interfaces are covered by the finer mesh.
As the wedge impacts the water (Fig. 22(b)) additional finer mesh regions are generated to resolve the
vorticity generated in the air phase. Fig. 23 shows the evolution of the wedge at various instances in time.
Upon impact, the wedge generates complex splashing and ripple phenomena along the water as it bobs up
and down. To quantitatively assess the accuracy of the wave-structure interaction, the vertical center of
mass position and velocity of the wedge are plotted against time in Fig. 24. The results are in excellent
agreement with the 3D simulation carried out by Pathak and Raessi [19] and experimental data compiled
by Yettou et al. [79]. Additionally, we note that while Calderer et al. [18] required ncells = 8 smeared
transition cells to obtain a stable simulation, we only use ncells = 2. In fact in our formulation ncells do
not affect solver stability at all — only solver convergence properties are affected by this parameter. We
obtain sharp flow structures and interfacial dynamics using ncells = 1 or 2; larger smearing leads to diffuse
interfaces and vortex dynamics around them. We attribute our simulation robustness to consistent mass and
momentum transport [34], which is not being used in [18] 4. Finally, we remark that this case demonstrates
the robustness and computational efficiency of our FSI coupling approach. We did not need to consider any
special numerical treatment to ensure stability for this particular example — the solution methodology used
4We also tried ncells = 8 with the non-conservative solver, but were unable to circumvent numerical instabilities.
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(a) T = 0.0 (b) T = 1.36
(c) T = 2.71 (d) T = 10.85
(e) T = 13.56 (f) T = 18.99
Figure 18: Temporal evolution of a rectangular barge floating an air-water interface at six different time instances with 40
CPW. The plotted vorticity is in the range −50 to 50.
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Figure 19: Temporal evolution of the inclination angle for a 2D barge floating on an air-water interface. (•, yellow) simulation
data from Patel and Natarajan [35]; (—, black) present simulation data for 40 grid cells per width.
(a) Inconsistent, t = 0.45 (b) Inconsistent, t = 0.5625
(c) Inconsistent, t = 0.75 (d) Inconsistent, t = 0.785
Figure 20: Temporal evolution of a 2D wedge free-falling into an air-water interface at four different time instances. Inconsistent
transport of mass and momentum is used for these cases. The simulation becomes unstable shortly after t = 0.785. The plotted
vorticity is in the range −300 to 300.
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(a) Consistent, t = 0.45 (b) Consistent, t = 0.5625
(c) Consistent, t = 0.875 (d) Consistent, t = 1.25
Figure 21: Temporal evolution of a 2D wedge free-falling into an air-water interface at four different time instances. Consistent
transport of mass and momentum is used for these cases. The plotted vorticity is in the range −300 to 300.
for this case is identical to the one used for all the cases considered in the present work. This is in contrast
to the approach described by Calderer et al., in which a special Aitken acceleration technique was employed
to reduce the FSI iteration count to 4-5 in order to achieve a strong FSI coupling and stable solutions for
this problem [18]. This case is representative of many real world WSI applications involving the interaction
between heavy, buoyant objects interacting with air-water interfaces. The present numerical method can be
robustly applied to these types of problems.
8.8. 3D water column impacting a stationary obstacle
In this section, we investigate the problem of a water column impacting a stationary box. A rectangular
obstacle is placed in a 3D computational domain of size Ω = [0, 3.22]× [0, 1]× [0, 1], which initially contains
a rectangular water column at its far end; see Fig. 25 for a full description of the initial problem set up.
The structure is held stationary and therefore gravitational forces are not evaluated using the density within
the solid region (see Sec. 5). Two grid cells of smearing ncells = 2 are used to transition between different
material properties on either side of the interfaces, and surface tension forces are included with coefficient
equal to that of air-water: σ = 0.0728. No-slip boundary conditions are imposed along ∂Ω. The domain is
discretized by a 161×50×50 grid with constant time step size ∆t = 1×10−4. This problem has been studied
experimentally at the Maritime Research Institute Netherlands (MARIN), and numerically by Kleefman et
al. [78] and Pathak and Raessi [19].
Fig. 26 shows the evolution of the water column at various instances in time. Under the effects of gravity,
the column spreads across the domain’s lower boundary, eventually crashing into the rectangular structure.
The structure obstructs the fluid flow, causing the water to divert upwards and over the body. Small ripples
are also generated in the bulk flow. The water eventually hits the left side of the computational domain,
causing a flow reversal and secondary crash over the body.
The primary quantities of interest for this example are the pressure values collected from four probes
placed on the surface of the obstacle and the water height collected from two probes placed along the domain
(Fig. 25). The coordinates of the pressure and height probes are shown in Table 2. Note that the pressure
probes are located at a specific spatial location in the computational domain, whereas the water height probes
are lines extending upward from a given 2D coordinate in the xy-plane. The temporal evolution of pressure
and water height at these probes are shown in Figs. 27 and 28. The results are in decent agreement with
35
(a) Mesh refinement at t = 0.0
(b) Mesh refinement at t = 1.5
Figure 22: Locations of the different refined mesh levels from coarsest to finest for the 3D free-falling wedge simulation. The
coarse mesh is outlined by red boxes while the fine mesh is outlined by green boxes.
Table 2: Locations of the pressure and water height probes for the 3D water column impacting a stationary obstacle. Pressure
probe locations are given by 3D coordinates while water height probe locations are given by 2D coordinates in the xy-plane
Probe Measurement Location
P1 Pressure (0.82, 0.475, 0.02)
P3 Pressure (0.82, 0.475, 0.1)
P5 Pressure (0.84, 0.525, 0.16)
P7 Pressure (0.92, 0.525, 0.16)
H2 Water height (0.992, 0.5)
H4 Water height (2.638, 0.5)
the experimental data and the simulations carried out in [19, 78], with minor disagreements being explained
by differences in the interface tracking approaches and/or variations in post-processing pressure and water
height data from the simulations 5. With this particular case, we have demonstrated that complex surface
tension and gravity driven splashing dynamics are accurately simulated by the present numerical method.
9. Conclusions
In this study, we coupled the robust multiphase flow solver of Nangia et al. [34] with the DLM-based
immersed boundary method of Bhalla et al. [23] to enable fast simulations of high density ratio wave-structure
interaction problems. We demonstrated that our method is applicable to a wide range of WSI problems
involving air-water interfaces, and can adequately resolve complex wave and splashing dynamics. We were
able to achieve substantially reduced computational costs by making use of adaptive mesh refinement to
capture important flow features. Various types of rigid body dynamics are modeled, including prescribed,
free-translational and free-rotational motion.
For fully-constrained motion, we showed that the “virtual” density within the body domain can produce
spurious velocities inside the structure; this erroneous momentum eventually contaminates the flow field and
5We relied on the VisIt [80] software to extract the probe data from the parallel HDF5 files.
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(a) t = 0.0
(b) t = 0.5625
(c) t = 1.0
(d) t = 1.5
Figure 23: Temporal evolution of a 3D wedge free-falling into an air-water interface at four different time instances.
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Figure 24: Temporal evolution of (a) vertical position and (b) vertical velocity for a 3D wedge free-falling into an air-water
interface. (•, yellow) experimental data from Yettou et al. [79]; (, green) simulation data from Pathak and Raessi [19]; (—,
red) present simulation data.
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0.5
<latexit sha1_base64="tZ2c1kURY8l0g4zRS0Zfwd92mnc=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdJ6K3rxWNF+QLuUbJq2wWx2SWaFsvQnePGgiFd/kTf/jWm7goq+EHh4Z4bMvEEshUHX/XByS8srq2v59cLG5tb2TnF3r2WiRDPeZJGMdCeghkuheBMFSt6JNadhIHk7uLuc1dv3XBsRqVucxNwP6UiJoWAUrXXjls/6xZJbdr3aeaVKLMyVQaVCvMwpQaZGv/jeG0QsCblCJqkxXc+N0U+pRsEknxZ6ieExZXd0xLsWFQ258dP5qlNyZJ0BGUbaPoVk7n6fSGlozCQMbGdIcWx+12bmX7VugsOanwoVJ8gVW3w0TCTBiMzuJgOhOUM5sUCZFnZXwsZUU4Y2nYIN4etS8j+0Tsqe5evTUv0iiyMPB3AIx+BBFepwBQ1oAoMRPMATPDvSeXRenNdFa87JZvbhh5y3T4tojU0=</latexit><latexit sha1_base64="tZ2c1kURY8l0g4zRS0Zfwd92mnc=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdJ6K3rxWNF+QLuUbJq2wWx2SWaFsvQnePGgiFd/kTf/jWm7goq+EHh4Z4bMvEEshUHX/XByS8srq2v59cLG5tb2TnF3r2WiRDPeZJGMdCeghkuheBMFSt6JNadhIHk7uLuc1dv3XBsRqVucxNwP6UiJoWAUrXXjls/6xZJbdr3aeaVKLMyVQaVCvMwpQaZGv/jeG0QsCblCJqkxXc+N0U+pRsEknxZ6ieExZXd0xLsWFQ258dP5qlNyZJ0BGUbaPoVk7n6fSGlozCQMbGdIcWx+12bmX7VugsOanwoVJ8gVW3w0TCTBiMzuJgOhOUM5sUCZFnZXwsZUU4Y2nYIN4etS8j+0Tsqe5evTUv0iiyMPB3AIx+BBFepwBQ1oAoMRPMATPDvSeXRenNdFa87JZvbhh5y3T4tojU0=</latexit><latexit sha1_base64="tZ2c1kURY8l0g4zRS0Zfwd92mnc=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdJ6K3rxWNF+QLuUbJq2wWx2SWaFsvQnePGgiFd/kTf/jWm7goq+EHh4Z4bMvEEshUHX/XByS8srq2v59cLG5tb2TnF3r2WiRDPeZJGMdCeghkuheBMFSt6JNadhIHk7uLuc1dv3XBsRqVucxNwP6UiJoWAUrXXjls/6xZJbdr3aeaVKLMyVQaVCvMwpQaZGv/jeG0QsCblCJqkxXc+N0U+pRsEknxZ6ieExZXd0xLsWFQ258dP5qlNyZJ0BGUbaPoVk7n6fSGlozCQMbGdIcWx+12bmX7VugsOanwoVJ8gVW3w0TCTBiMzuJgOhOUM5sUCZFnZXwsZUU4Y2nYIN4etS8j+0Tsqe5evTUv0iiyMPB3AIx+BBFepwBQ1oAoMRPMATPDvSeXRenNdFa87JZvbhh5y3T4tojU0=</latexit><latexit sha1_base64="tZ2c1kURY8l0g4zRS0Zfwd92mnc=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdJ6K3rxWNF+QLuUbJq2wWx2SWaFsvQnePGgiFd/kTf/jWm7goq+EHh4Z4bMvEEshUHX/XByS8srq2v59cLG5tb2TnF3r2WiRDPeZJGMdCeghkuheBMFSt6JNadhIHk7uLuc1dv3XBsRqVucxNwP6UiJoWAUrXXjls/6xZJbdr3aeaVKLMyVQaVCvMwpQaZGv/jeG0QsCblCJqkxXc+N0U+pRsEknxZ6ieExZXd0xLsWFQ258dP5qlNyZJ0BGUbaPoVk7n6fSGlozCQMbGdIcWx+12bmX7VugsOanwoVJ8gVW3w0TCTBiMzuJgOhOUM5sUCZFnZXwsZUU4Y2nYIN4etS8j+0Tsqe5evTUv0iiyMPB3AIx+BBFepwBQ1oAoMRPMATPDvSeXRenNdFa87JZvbhh5y3T4tojU0=</latexit>
1.0
<latexit sha1_base64="bbSZedaHKjtwP0QfNgQMydwtubw=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdB6K3rxWNF+QLuUbJptQ7PZJZkVSulP8OJBEa/+Im/+G9N2BRV9IfDwzgyZeYNECoOu++HkVlbX1jfym4Wt7Z3dveL+QcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6a19v3XBsRqzucJNyP6FCJUDCK1rr1ym6/WHLLrle7qFSJhYUyqFSIlzklyNToF997g5ilEVfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedeiohE3/nSx6oycWGdAwljbp5As3O8TUxoZM4kC2xlRHJnftbn5V62bYljzp0IlKXLFlh+FqSQYk/ndZCA0ZygnFijTwu5K2IhqytCmU7AhfF1K/ofWWdmzfHNeql9mceThCI7hFDyoQh2uoQFNYDCEB3iCZ0c6j86L87pszTnZzCH8kPP2CYVajUk=</latexit><latexit sha1_base64="bbSZedaHKjtwP0QfNgQMydwtubw=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdB6K3rxWNF+QLuUbJptQ7PZJZkVSulP8OJBEa/+Im/+G9N2BRV9IfDwzgyZeYNECoOu++HkVlbX1jfym4Wt7Z3dveL+QcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6a19v3XBsRqzucJNyP6FCJUDCK1rr1ym6/WHLLrle7qFSJhYUyqFSIlzklyNToF997g5ilEVfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedeiohE3/nSx6oycWGdAwljbp5As3O8TUxoZM4kC2xlRHJnftbn5V62bYljzp0IlKXLFlh+FqSQYk/ndZCA0ZygnFijTwu5K2IhqytCmU7AhfF1K/ofWWdmzfHNeql9mceThCI7hFDyoQh2uoQFNYDCEB3iCZ0c6j86L87pszTnZzCH8kPP2CYVajUk=</latexit><latexit sha1_base64="bbSZedaHKjtwP0QfNgQMydwtubw=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdB6K3rxWNF+QLuUbJptQ7PZJZkVSulP8OJBEa/+Im/+G9N2BRV9IfDwzgyZeYNECoOu++HkVlbX1jfym4Wt7Z3dveL+QcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6a19v3XBsRqzucJNyP6FCJUDCK1rr1ym6/WHLLrle7qFSJhYUyqFSIlzklyNToF997g5ilEVfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedeiohE3/nSx6oycWGdAwljbp5As3O8TUxoZM4kC2xlRHJnftbn5V62bYljzp0IlKXLFlh+FqSQYk/ndZCA0ZygnFijTwu5K2IhqytCmU7AhfF1K/ofWWdmzfHNeql9mceThCI7hFDyoQh2uoQFNYDCEB3iCZ0c6j86L87pszTnZzCH8kPP2CYVajUk=</latexit><latexit sha1_base64="bbSZedaHKjtwP0QfNgQMydwtubw=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdB6K3rxWNF+QLuUbJptQ7PZJZkVSulP8OJBEa/+Im/+G9N2BRV9IfDwzgyZeYNECoOu++HkVlbX1jfym4Wt7Z3dveL+QcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6a19v3XBsRqzucJNyP6FCJUDCK1rr1ym6/WHLLrle7qFSJhYUyqFSIlzklyNToF997g5ilEVfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedeiohE3/nSx6oycWGdAwljbp5As3O8TUxoZM4kC2xlRHJnftbn5V62bYljzp0IlKXLFlh+FqSQYk/ndZCA0ZygnFijTwu5K2IhqytCmU7AhfF1K/ofWWdmzfHNeql9mceThCI7hFDyoQh2uoQFNYDCEB3iCZ0c6j86L87pszTnZzCH8kPP2CYVajUk=</latexit>
0.5
<latexit sha1_base64="tZ2c1kURY8l0g4zRS0Zfwd92mnc=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdJ6K3rxWNF+QLuUbJq2wWx2SWaFsvQnePGgiFd/kTf/jWm7goq+EHh4Z4bMvEEshUHX/XByS8srq2v59cLG5tb2TnF3r2WiRDPeZJGMdCeghkuheBMFSt6JNadhIHk7uLuc1dv3XBsRqVucxNwP6UiJoWAUrXXjls/6xZJbdr3aeaVKLMyVQaVCvMwpQaZGv/jeG0QsCblCJqkxXc+N0U+pRsEknxZ6ieExZXd0xLsWFQ258dP5qlNyZJ0BGUbaPoVk7n6fSGlozCQMbGdIcWx+12bmX7VugsOanwoVJ8gVW3w0TCTBiMzuJgOhOUM5sUCZFnZXwsZUU4Y2nYIN4etS8j+0Tsqe5evTUv0iiyMPB3AIx+BBFepwBQ1oAoMRPMATPDvSeXRenNdFa87JZvbhh5y3T4tojU0=</latexit><latexit sha1_base64="tZ2c1kURY8l0g4zRS0Zfwd92mnc=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdJ6K3rxWNF+QLuUbJq2wWx2SWaFsvQnePGgiFd/kTf/jWm7goq+EHh4Z4bMvEEshUHX/XByS8srq2v59cLG5tb2TnF3r2WiRDPeZJGMdCeghkuheBMFSt6JNadhIHk7uLuc1dv3XBsRqVucxNwP6UiJoWAUrXXjls/6xZJbdr3aeaVKLMyVQaVCvMwpQaZGv/jeG0QsCblCJqkxXc+N0U+pRsEknxZ6ieExZXd0xLsWFQ258dP5qlNyZJ0BGUbaPoVk7n6fSGlozCQMbGdIcWx+12bmX7VugsOanwoVJ8gVW3w0TCTBiMzuJgOhOUM5sUCZFnZXwsZUU4Y2nYIN4etS8j+0Tsqe5evTUv0iiyMPB3AIx+BBFepwBQ1oAoMRPMATPDvSeXRenNdFa87JZvbhh5y3T4tojU0=</latexit><latexit sha1_base64="tZ2c1kURY8l0g4zRS0Zfwd92mnc=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdJ6K3rxWNF+QLuUbJq2wWx2SWaFsvQnePGgiFd/kTf/jWm7goq+EHh4Z4bMvEEshUHX/XByS8srq2v59cLG5tb2TnF3r2WiRDPeZJGMdCeghkuheBMFSt6JNadhIHk7uLuc1dv3XBsRqVucxNwP6UiJoWAUrXXjls/6xZJbdr3aeaVKLMyVQaVCvMwpQaZGv/jeG0QsCblCJqkxXc+N0U+pRsEknxZ6ieExZXd0xLsWFQ258dP5qlNyZJ0BGUbaPoVk7n6fSGlozCQMbGdIcWx+12bmX7VugsOanwoVJ8gVW3w0TCTBiMzuJgOhOUM5sUCZFnZXwsZUU4Y2nYIN4etS8j+0Tsqe5evTUv0iiyMPB3AIx+BBFepwBQ1oAoMRPMATPDvSeXRenNdFa87JZvbhh5y3T4tojU0=</latexit><latexit sha1_base64="tZ2c1kURY8l0g4zRS0Zfwd92mnc=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdJ6K3rxWNF+QLuUbJq2wWx2SWaFsvQnePGgiFd/kTf/jWm7goq+EHh4Z4bMvEEshUHX/XByS8srq2v59cLG5tb2TnF3r2WiRDPeZJGMdCeghkuheBMFSt6JNadhIHk7uLuc1dv3XBsRqVucxNwP6UiJoWAUrXXjls/6xZJbdr3aeaVKLMyVQaVCvMwpQaZGv/jeG0QsCblCJqkxXc+N0U+pRsEknxZ6ieExZXd0xLsWFQ258dP5qlNyZJ0BGUbaPoVk7n6fSGlozCQMbGdIcWx+12bmX7VugsOanwoVJ8gVW3w0TCTBiMzuJgOhOUM5sUCZFnZXwsZUU4Y2nYIN4etS8j+0Tsqe5evTUv0iiyMPB3AIx+BBFepwBQ1oAoMRPMATPDvSeXRenNdFa87JZvbhh5y3T4tojU0=</latexit>
1.0
<latexit sha1_base64="bbSZedaHKjtwP0QfNgQMydwtubw=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdB6K3rxWNF+QLuUbJptQ7PZJZkVSulP8OJBEa/+Im/+G9N2BRV9IfDwzgyZeYNECoOu++HkVlbX1jfym4Wt7Z3dveL+QcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6a19v3XBsRqzucJNyP6FCJUDCK1rr1ym6/WHLLrle7qFSJhYUyqFSIlzklyNToF997g5ilEVfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedeiohE3/nSx6oycWGdAwljbp5As3O8TUxoZM4kC2xlRHJnftbn5V62bYljzp0IlKXLFlh+FqSQYk/ndZCA0ZygnFijTwu5K2IhqytCmU7AhfF1K/ofWWdmzfHNeql9mceThCI7hFDyoQh2uoQFNYDCEB3iCZ0c6j86L87pszTnZzCH8kPP2CYVajUk=</latexit><latexit sha1_base64="bbSZedaHKjtwP0QfNgQMydwtubw=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdB6K3rxWNF+QLuUbJptQ7PZJZkVSulP8OJBEa/+Im/+G9N2BRV9IfDwzgyZeYNECoOu++HkVlbX1jfym4Wt7Z3dveL+QcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6a19v3XBsRqzucJNyP6FCJUDCK1rr1ym6/WHLLrle7qFSJhYUyqFSIlzklyNToF997g5ilEVfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedeiohE3/nSx6oycWGdAwljbp5As3O8TUxoZM4kC2xlRHJnftbn5V62bYljzp0IlKXLFlh+FqSQYk/ndZCA0ZygnFijTwu5K2IhqytCmU7AhfF1K/ofWWdmzfHNeql9mceThCI7hFDyoQh2uoQFNYDCEB3iCZ0c6j86L87pszTnZzCH8kPP2CYVajUk=</latexit><latexit sha1_base64="bbSZedaHKjtwP0QfNgQMydwtubw=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdB6K3rxWNF+QLuUbJptQ7PZJZkVSulP8OJBEa/+Im/+G9N2BRV9IfDwzgyZeYNECoOu++HkVlbX1jfym4Wt7Z3dveL+QcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6a19v3XBsRqzucJNyP6FCJUDCK1rr1ym6/WHLLrle7qFSJhYUyqFSIlzklyNToF997g5ilEVfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedeiohE3/nSx6oycWGdAwljbp5As3O8TUxoZM4kC2xlRHJnftbn5V62bYljzp0IlKXLFlh+FqSQYk/ndZCA0ZygnFijTwu5K2IhqytCmU7AhfF1K/ofWWdmzfHNeql9mceThCI7hFDyoQh2uoQFNYDCEB3iCZ0c6j86L87pszTnZzCH8kPP2CYVajUk=</latexit><latexit sha1_base64="bbSZedaHKjtwP0QfNgQMydwtubw=">AAAB6nicdZBNSwMxEIZn61etX1WPXoJF8FR2rdB6K3rxWNF+QLuUbJptQ7PZJZkVSulP8OJBEa/+Im/+G9N2BRV9IfDwzgyZeYNECoOu++HkVlbX1jfym4Wt7Z3dveL+QcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6a19v3XBsRqzucJNyP6FCJUDCK1rr1ym6/WHLLrle7qFSJhYUyqFSIlzklyNToF997g5ilEVfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedeiohE3/nSx6oycWGdAwljbp5As3O8TUxoZM4kC2xlRHJnftbn5V62bYljzp0IlKXLFlh+FqSQYk/ndZCA0ZygnFijTwu5K2IhqytCmU7AhfF1K/ofWWdmzfHNeql9mceThCI7hFDyoQh2uoQFNYDCEB3iCZ0c6j86L87pszTnZzCH8kPP2CYVajUk=</latexit>
0.0
<latexit sha1_base64="SXz9nSzg+qrVqauaeBsCnqgoeak=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU9m1Quut6MVjRfsB7VKy6Wwbms0uSVYopT/BiwdFvPqLvPlvTNsVVPRBwuO9GWbmBYng2rjuh5NbWV1b38hvFra2d3b3ivsHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mr+Z++x6V5rG8M5ME/YgOJQ85o8ZKt27Z7RdL9vdqF5UqsWSBjFQqxMuUEmRo9IvvvUHM0gilYYJq3fXcxPhTqgxnAmeFXqoxoWxMh9i1VNIItT9drDojJ1YZkDBW9klDFur3jimNtJ5Ega2MqBnp395c/Mvrpias+VMuk9SgZMtBYSqIicn8bjLgCpkRE0soU9zuStiIKsqMTadgQ/i6lPxPWmdlz/Kb81L9MosjD0dwDKfgQRXqcA0NaAKDITzAEzw7wnl0XpzXZWnOyXoO4Qect0+D1I1I</latexit><latexit sha1_base64="SXz9nSzg+qrVqauaeBsCnqgoeak=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU9m1Quut6MVjRfsB7VKy6Wwbms0uSVYopT/BiwdFvPqLvPlvTNsVVPRBwuO9GWbmBYng2rjuh5NbWV1b38hvFra2d3b3ivsHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mr+Z++x6V5rG8M5ME/YgOJQ85o8ZKt27Z7RdL9vdqF5UqsWSBjFQqxMuUEmRo9IvvvUHM0gilYYJq3fXcxPhTqgxnAmeFXqoxoWxMh9i1VNIItT9drDojJ1YZkDBW9klDFur3jimNtJ5Ega2MqBnp395c/Mvrpias+VMuk9SgZMtBYSqIicn8bjLgCpkRE0soU9zuStiIKsqMTadgQ/i6lPxPWmdlz/Kb81L9MosjD0dwDKfgQRXqcA0NaAKDITzAEzw7wnl0XpzXZWnOyXoO4Qect0+D1I1I</latexit><latexit sha1_base64="SXz9nSzg+qrVqauaeBsCnqgoeak=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU9m1Quut6MVjRfsB7VKy6Wwbms0uSVYopT/BiwdFvPqLvPlvTNsVVPRBwuO9GWbmBYng2rjuh5NbWV1b38hvFra2d3b3ivsHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mr+Z++x6V5rG8M5ME/YgOJQ85o8ZKt27Z7RdL9vdqF5UqsWSBjFQqxMuUEmRo9IvvvUHM0gilYYJq3fXcxPhTqgxnAmeFXqoxoWxMh9i1VNIItT9drDojJ1YZkDBW9klDFur3jimNtJ5Ega2MqBnp395c/Mvrpias+VMuk9SgZMtBYSqIicn8bjLgCpkRE0soU9zuStiIKsqMTadgQ/i6lPxPWmdlz/Kb81L9MosjD0dwDKfgQRXqcA0NaAKDITzAEzw7wnl0XpzXZWnOyXoO4Qect0+D1I1I</latexit><latexit sha1_base64="SXz9nSzg+qrVqauaeBsCnqgoeak=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU9m1Quut6MVjRfsB7VKy6Wwbms0uSVYopT/BiwdFvPqLvPlvTNsVVPRBwuO9GWbmBYng2rjuh5NbWV1b38hvFra2d3b3ivsHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mr+Z++x6V5rG8M5ME/YgOJQ85o8ZKt27Z7RdL9vdqF5UqsWSBjFQqxMuUEmRo9IvvvUHM0gilYYJq3fXcxPhTqgxnAmeFXqoxoWxMh9i1VNIItT9drDojJ1YZkDBW9klDFur3jimNtJ5Ega2MqBnp395c/Mvrpias+VMuk9SgZMtBYSqIicn8bjLgCpkRE0soU9zuStiIKsqMTadgQ/i6lPxPWmdlz/Kb81L9MosjD0dwDKfgQRXqcA0NaAKDITzAEzw7wnl0XpzXZWnOyXoO4Qect0+D1I1I</latexit>
0.0
<latexit sha1_base64="SXz9nSzg+qrVqauaeBsCnqgoeak=">AAAB6nicdVBNSwMxEJ2 tX7V+VT16CRbBU9m1Quut6MVjRfsB7VKy6Wwbms0uSVYopT/BiwdFvPqLvPlvTNsVVPRBwuO9GWbmBYng 2rjuh5NbWV1b38hvFra2d3b3ivsHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mr+Z++x6V5rG8M5M E/YgOJQ85o8ZKt27Z7RdL9vdqF5UqsWSBjFQqxMuUEmRo9IvvvUHM0gilYYJq3fXcxPhTqgxnAmeFXqox oWxMh9i1VNIItT9drDojJ1YZkDBW9klDFur3jimNtJ5Ega2MqBnp395c/Mvrpias+VMuk9SgZMtBYSq Iicn8bjLgCpkRE0soU9zuStiIKsqMTadgQ/i6lPxPWmdlz/Kb81L9MosjD0dwDKfgQRXqcA0NaAKDITzA Ezw7wnl0XpzXZWnOyXoO4Qect0+D1I1I</latexit><latexit sha1_base64="SXz9nSzg+qrVqauaeBsCnqgoeak=">AAAB6nicdVBNSwMxEJ2 tX7V+VT16CRbBU9m1Quut6MVjRfsB7VKy6Wwbms0uSVYopT/BiwdFvPqLvPlvTNsVVPRBwuO9GWbmBYng 2rjuh5NbWV1b38hvFra2d3b3ivsHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mr+Z++x6V5rG8M5M E/YgOJQ85o8ZKt27Z7RdL9vdqF5UqsWSBjFQqxMuUEmRo9IvvvUHM0gilYYJq3fXcxPhTqgxnAmeFXqox oWxMh9i1VNIItT9drDojJ1YZkDBW9klDFur3jimNtJ5Ega2MqBnp395c/Mvrpias+VMuk9SgZMtBYSq Iicn8bjLgCpkRE0soU9zuStiIKsqMTadgQ/i6lPxPWmdlz/Kb81L9MosjD0dwDKfgQRXqcA0NaAKDITzA Ezw7wnl0XpzXZWnOyXoO4Qect0+D1I1I</latexit><latexit sha1_base64="SXz9nSzg+qrVqauaeBsCnqgoeak=">AAAB6nicdVBNSwMxEJ2 tX7V+VT16CRbBU9m1Quut6MVjRfsB7VKy6Wwbms0uSVYopT/BiwdFvPqLvPlvTNsVVPRBwuO9GWbmBYng 2rjuh5NbWV1b38hvFra2d3b3ivsHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mr+Z++x6V5rG8M5M E/YgOJQ85o8ZKt27Z7RdL9vdqF5UqsWSBjFQqxMuUEmRo9IvvvUHM0gilYYJq3fXcxPhTqgxnAmeFXqox oWxMh9i1VNIItT9drDojJ1YZkDBW9klDFur3jimNtJ5Ega2MqBnp395c/Mvrpias+VMuk9SgZMtBYSq Iicn8bjLgCpkRE0soU9zuStiIKsqMTadgQ/i6lPxPWmdlz/Kb81L9MosjD0dwDKfgQRXqcA0NaAKDITzA Ezw7wnl0XpzXZWnOyXoO4Qect0+D1I1I</latexit><latexit sha1_base64="SXz9nSzg+qrVqauaeBsCnqgoeak=">AAAB6nicdVBNSwMxEJ2 tX7V+VT16CRbBU9m1Quut6MVjRfsB7VKy6Wwbms0uSVYopT/BiwdFvPqLvPlvTNsVVPRBwuO9GWbmBYng 2rjuh5NbWV1b38hvFra2d3b3ivsHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mr+Z++x6V5rG8M5M E/YgOJQ85o8ZKt27Z7RdL9vdqF5UqsWSBjFQqxMuUEmRo9IvvvUHM0gilYYJq3fXcxPhTqgxnAmeFXqox oWxMh9i1VNIItT9drDojJ1YZkDBW9klDFur3jimNtJ5Ega2MqBnp395c/Mvrpias+VMuk9SgZMtBYSq Iicn8bjLgCpkRE0soU9zuStiIKsqMTadgQ/i6lPxPWmdlz/Kb81L9MosjD0dwDKfgQRXqcA0NaAKDITzA Ezw7wnl0XpzXZWnOyXoO4Qect0+D1I1I</latexit>
0.0
<latexit sha1_base64="SXz9nSzg+qrVqauaeBsCnqgoeak=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU9m1Quut6MVjRfsB7VKy6Wwbms0uSVYopT/BiwdFvPqLvPlvTNsVVPRBwuO9GWbmBYng2rjuh5NbWV1b38hvFra2d3b3ivsHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mr+Z++x6V5rG8M5ME/YgOJQ85o8ZKt27Z7RdL9vdqF5UqsWSBjFQqxMuUEmRo9IvvvUHM0gilYYJq3fXcxPhTqgxnAmeFXqoxoWxMh9i1VNIItT9drDojJ1YZkDBW9klDFur3jimNtJ5Ega2MqBnp395c/Mvrpias+VMuk9SgZMtBYSqIicn8bjLgCpkRE0soU9zuStiIKsqMTadgQ/i6lPxPWmdlz/Kb81L9MosjD0dwDKfgQRXqcA0NaAKDITzAEzw7wnl0XpzXZWnOyXoO4Qect0+D1I1I</latexit><latexit sha1_base64="SXz9nSzg+qrVqauaeBsCnqgoeak=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU9m1Quut6MVjRfsB7VKy6Wwbms0uSVYopT/BiwdFvPqLvPlvTNsVVPRBwuO9GWbmBYng2rjuh5NbWV1b38hvFra2d3b3ivsHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mr+Z++x6V5rG8M5ME/YgOJQ85o8ZKt27Z7RdL9vdqF5UqsWSBjFQqxMuUEmRo9IvvvUHM0gilYYJq3fXcxPhTqgxnAmeFXqoxoWxMh9i1VNIItT9drDojJ1YZkDBW9klDFur3jimNtJ5Ega2MqBnp395c/Mvrpias+VMuk9SgZMtBYSqIicn8bjLgCpkRE0soU9zuStiIKsqMTadgQ/i6lPxPWmdlz/Kb81L9MosjD0dwDKfgQRXqcA0NaAKDITzAEzw7wnl0XpzXZWnOyXoO4Qect0+D1I1I</latexit><latexit sha1_base64="SXz9nSzg+qrVqauaeBsCnqgoeak=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU9m1Quut6MVjRfsB7VKy6Wwbms0uSVYopT/BiwdFvPqLvPlvTNsVVPRBwuO9GWbmBYng2rjuh5NbWV1b38hvFra2d3b3ivsHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mr+Z++x6V5rG8M5ME/YgOJQ85o8ZKt27Z7RdL9vdqF5UqsWSBjFQqxMuUEmRo9IvvvUHM0gilYYJq3fXcxPhTqgxnAmeFXqoxoWxMh9i1VNIItT9drDojJ1YZkDBW9klDFur3jimNtJ5Ega2MqBnp395c/Mvrpias+VMuk9SgZMtBYSqIicn8bjLgCpkRE0soU9zuStiIKsqMTadgQ/i6lPxPWmdlz/Kb81L9MosjD0dwDKfgQRXqcA0NaAKDITzAEzw7wnl0XpzXZWnOyXoO4Qect0+D1I1I</latexit><latexit sha1_base64="SXz9nSzg+qrVqauaeBsCnqgoeak=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU9m1Quut6MVjRfsB7VKy6Wwbms0uSVYopT/BiwdFvPqLvPlvTNsVVPRBwuO9GWbmBYng2rjuh5NbWV1b38hvFra2d3b3ivsHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mr+Z++x6V5rG8M5ME/YgOJQ85o8ZKt27Z7RdL9vdqF5UqsWSBjFQqxMuUEmRo9IvvvUHM0gilYYJq3fXcxPhTqgxnAmeFXqoxoWxMh9i1VNIItT9drDojJ1YZkDBW9klDFur3jimNtJ5Ega2MqBnp395c/Mvrpias+VMuk9SgZMtBYSqIicn8bjLgCpkRE0soU9zuStiIKsqMTadgQ/i6lPxPWmdlz/Kb81L9MosjD0dwDKfgQRXqcA0NaAKDITzAEzw7wnl0XpzXZWnOyXoO4Qect0+D1I1I</latexit>
3.22
<latexit sha1_base64="UCL7yOnJYUYy24Jcx2my+YjGAmM=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuCozrdC6K7pxWcFeoB1KJs20oUlmSDJCGfoKblwo4tYXcufbmGlHUNEfAh//OYec8wcxZ9q47odTWFvf2Nwqbpd2dvf2D8qHR10dJYrQDol4pPoB1pQzSTuGGU77saJYBJz2gtl1Vu/dU6VZJO/MPKa+wBPJQkawyax6tVYblStu1fWal/UGsrBUDvU68nKnArnao/L7cByRRFBpCMdaDzw3Nn6KlWGE00VpmGgaYzLDEzqwKLGg2k+Xuy7QmXXGKIyUfdKgpft9IsVC67kIbKfAZqp/1zLzr9ogMWHTT5mME0MlWX0UJhyZCGWHozFTlBg+t4CJYnZXRKZYYWJsPCUbwtel6H/o1qqe5duLSusqj6MIJ3AK5+BBA1pwA23oAIEpPMATPDvCeXRenNdVa8HJZ47hh5y3T/yxjYk=</latexit><latexit sha1_base64="UCL7yOnJYUYy24Jcx2my+YjGAmM=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuCozrdC6K7pxWcFeoB1KJs20oUlmSDJCGfoKblwo4tYXcufbmGlHUNEfAh//OYec8wcxZ9q47odTWFvf2Nwqbpd2dvf2D8qHR10dJYrQDol4pPoB1pQzSTuGGU77saJYBJz2gtl1Vu/dU6VZJO/MPKa+wBPJQkawyax6tVYblStu1fWal/UGsrBUDvU68nKnArnao/L7cByRRFBpCMdaDzw3Nn6KlWGE00VpmGgaYzLDEzqwKLGg2k+Xuy7QmXXGKIyUfdKgpft9IsVC67kIbKfAZqp/1zLzr9ogMWHTT5mME0MlWX0UJhyZCGWHozFTlBg+t4CJYnZXRKZYYWJsPCUbwtel6H/o1qqe5duLSusqj6MIJ3AK5+BBA1pwA23oAIEpPMATPDvCeXRenNdVa8HJZ47hh5y3T/yxjYk=</latexit><latexit sha1_base64="UCL7yOnJYUYy24Jcx2my+YjGAmM=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuCozrdC6K7pxWcFeoB1KJs20oUlmSDJCGfoKblwo4tYXcufbmGlHUNEfAh//OYec8wcxZ9q47odTWFvf2Nwqbpd2dvf2D8qHR10dJYrQDol4pPoB1pQzSTuGGU77saJYBJz2gtl1Vu/dU6VZJO/MPKa+wBPJQkawyax6tVYblStu1fWal/UGsrBUDvU68nKnArnao/L7cByRRFBpCMdaDzw3Nn6KlWGE00VpmGgaYzLDEzqwKLGg2k+Xuy7QmXXGKIyUfdKgpft9IsVC67kIbKfAZqp/1zLzr9ogMWHTT5mME0MlWX0UJhyZCGWHozFTlBg+t4CJYnZXRKZYYWJsPCUbwtel6H/o1qqe5duLSusqj6MIJ3AK5+BBA1pwA23oAIEpPMATPDvCeXRenNdVa8HJZ47hh5y3T/yxjYk=</latexit><latexit sha1_base64="UCL7yOnJYUYy24Jcx2my+YjGAmM=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuCozrdC6K7pxWcFeoB1KJs20oUlmSDJCGfoKblwo4tYXcufbmGlHUNEfAh//OYec8wcxZ9q47odTWFvf2Nwqbpd2dvf2D8qHR10dJYrQDol4pPoB1pQzSTuGGU77saJYBJz2gtl1Vu/dU6VZJO/MPKa+wBPJQkawyax6tVYblStu1fWal/UGsrBUDvU68nKnArnao/L7cByRRFBpCMdaDzw3Nn6KlWGE00VpmGgaYzLDEzqwKLGg2k+Xuy7QmXXGKIyUfdKgpft9IsVC67kIbKfAZqp/1zLzr9ogMWHTT5mME0MlWX0UJhyZCGWHozFTlBg+t4CJYnZXRKZYYWJsPCUbwtel6H/o1qqe5duLSusqj6MIJ3AK5+BBA1pwA23oAIEpPMATPDvCeXRenNdVa8HJZ47hh5y3T/yxjYk=</latexit>
1.61
<latexit sha1_base64="yov+A4Nc+PCt4Pm1aKbtaJBc0SI=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuCozVmzdFd24rGAv0A4lk2ba0CQzJBmhDH0FNy4UcesLufNtzLQjqOgPgY//nEPO+YOYM21c98MprKyurW8UN0tb2zu7e+X9g46OEkVom0Q8Ur0Aa8qZpG3DDKe9WFEsAk67wfQ6q3fvqdIskndmFlNf4LFkISPYZJZXvfCG5Ypbdb3GZa2OLCyUQ62GvNypQK7WsPw+GEUkEVQawrHWfc+NjZ9iZRjhdF4aJJrGmEzxmPYtSiyo9tPFrnN0Yp0RCiNlnzRo4X6fSLHQeiYC2ymwmejftcz8q9ZPTNjwUybjxFBJlh+FCUcmQtnhaMQUJYbPLGCimN0VkQlWmBgbT8mG8HUp+h86Z1XP8u15pXmVx1GEIziGU/CgDk24gRa0gcAEHuAJnh3hPDovzuuyteDkM4fwQ87bJ/4zjYo=</latexit><latexit sha1_base64="yov+A4Nc+PCt4Pm1aKbtaJBc0SI=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuCozVmzdFd24rGAv0A4lk2ba0CQzJBmhDH0FNy4UcesLufNtzLQjqOgPgY//nEPO+YOYM21c98MprKyurW8UN0tb2zu7e+X9g46OEkVom0Q8Ur0Aa8qZpG3DDKe9WFEsAk67wfQ6q3fvqdIskndmFlNf4LFkISPYZJZXvfCG5Ypbdb3GZa2OLCyUQ62GvNypQK7WsPw+GEUkEVQawrHWfc+NjZ9iZRjhdF4aJJrGmEzxmPYtSiyo9tPFrnN0Yp0RCiNlnzRo4X6fSLHQeiYC2ymwmejftcz8q9ZPTNjwUybjxFBJlh+FCUcmQtnhaMQUJYbPLGCimN0VkQlWmBgbT8mG8HUp+h86Z1XP8u15pXmVx1GEIziGU/CgDk24gRa0gcAEHuAJnh3hPDovzuuyteDkM4fwQ87bJ/4zjYo=</latexit><latexit sha1_base64="yov+A4Nc+PCt4Pm1aKbtaJBc0SI=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuCozVmzdFd24rGAv0A4lk2ba0CQzJBmhDH0FNy4UcesLufNtzLQjqOgPgY//nEPO+YOYM21c98MprKyurW8UN0tb2zu7e+X9g46OEkVom0Q8Ur0Aa8qZpG3DDKe9WFEsAk67wfQ6q3fvqdIskndmFlNf4LFkISPYZJZXvfCG5Ypbdb3GZa2OLCyUQ62GvNypQK7WsPw+GEUkEVQawrHWfc+NjZ9iZRjhdF4aJJrGmEzxmPYtSiyo9tPFrnN0Yp0RCiNlnzRo4X6fSLHQeiYC2ymwmejftcz8q9ZPTNjwUybjxFBJlh+FCUcmQtnhaMQUJYbPLGCimN0VkQlWmBgbT8mG8HUp+h86Z1XP8u15pXmVx1GEIziGU/CgDk24gRa0gcAEHuAJnh3hPDovzuuyteDkM4fwQ87bJ/4zjYo=</latexit><latexit sha1_base64="yov+A4Nc+PCt4Pm1aKbtaJBc0SI=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuCozVmzdFd24rGAv0A4lk2ba0CQzJBmhDH0FNy4UcesLufNtzLQjqOgPgY//nEPO+YOYM21c98MprKyurW8UN0tb2zu7e+X9g46OEkVom0Q8Ur0Aa8qZpG3DDKe9WFEsAk67wfQ6q3fvqdIskndmFlNf4LFkISPYZJZXvfCG5Ypbdb3GZa2OLCyUQ62GvNypQK7WsPw+GEUkEVQawrHWfc+NjZ9iZRjhdF4aJJrGmEzxmPYtSiyo9tPFrnN0Yp0RCiNlnzRo4X6fSLHQeiYC2ymwmejftcz8q9ZPTNjwUybjxFBJlh+FCUcmQtnhaMQUJYbPLGCimN0VkQlWmBgbT8mG8HUp+h86Z1XP8u15pXmVx1GEIziGU/CgDk24gRa0gcAEHuAJnh3hPDovzuuyteDkM4fwQ87bJ/4zjYo=</latexit>
P1<latexit sha1_base64="EgFEIQp6gBb6ySTsWVs+achpjkM=">AAAB8HicdZBNSwMxEIZn/az1q+rRS7AInsquFVpvRS8eK9gPaZeSTdM2NJtdklmxLP0VXjwo4tWf481/Y9quoKIvBB7emSEzbxBLYdB1P5yl5ZXVtfXcRn5za3tnt7C33zRRohlvsEhGuh1Qw6VQvIECJW/HmtMwkLwVjC9n9dYd10ZE6gYnMfdDOlRiIBhFa912kd9jWp96vULRLble9bxcIRbmyqBcJl7mFCFTvVd47/YjloRcIZPUmI7nxuinVKNgkk/z3cTwmLIxHfKORUVDbvx0vvCUHFunTwaRtk8hmbvfJ1IaGjMJA9sZUhyZ37WZ+Vetk+Cg6qdCxQlyxRYfDRJJMCKz60lfaM5QTixQpoXdlbAR1ZShzShvQ/i6lPwPzdOSZ/n6rFi7yOLIwSEcwQl4UIEaXEEdGsAghAd4gmdHO4/Oi/O6aF1yspkD+CHn7RMOfpCQ</latexit><latexit sha1_base64="EgFEIQp6gBb6ySTsWVs+achpjkM=">AAAB8HicdZBNSwMxEIZn/az1q+rRS7AInsquFVpvRS8eK9gPaZeSTdM2NJtdklmxLP0VXjwo4tWf481/Y9quoKIvBB7emSEzbxBLYdB1P5yl5ZXVtfXcRn5za3tnt7C33zRRohlvsEhGuh1Qw6VQvIECJW/HmtMwkLwVjC9n9dYd10ZE6gYnMfdDOlRiIBhFa912kd9jWp96vULRLble9bxcIRbmyqBcJl7mFCFTvVd47/YjloRcIZPUmI7nxuinVKNgkk/z3cTwmLIxHfKORUVDbvx0vvCUHFunTwaRtk8hmbvfJ1IaGjMJA9sZUhyZ37WZ+Vetk+Cg6qdCxQlyxRYfDRJJMCKz60lfaM5QTixQpoXdlbAR1ZShzShvQ/i6lPwPzdOSZ/n6rFi7yOLIwSEcwQl4UIEaXEEdGsAghAd4gmdHO4/Oi/O6aF1yspkD+CHn7RMOfpCQ</latexit><latexit sha1_base64="EgFEIQp6gBb6ySTsWVs+achpjkM=">AAAB8HicdZBNSwMxEIZn/az1q+rRS7AInsquFVpvRS8eK9gPaZeSTdM2NJtdklmxLP0VXjwo4tWf481/Y9quoKIvBB7emSEzbxBLYdB1P5yl5ZXVtfXcRn5za3tnt7C33zRRohlvsEhGuh1Qw6VQvIECJW/HmtMwkLwVjC9n9dYd10ZE6gYnMfdDOlRiIBhFa912kd9jWp96vULRLble9bxcIRbmyqBcJl7mFCFTvVd47/YjloRcIZPUmI7nxuinVKNgkk/z3cTwmLIxHfKORUVDbvx0vvCUHFunTwaRtk8hmbvfJ1IaGjMJA9sZUhyZ37WZ+Vetk+Cg6qdCxQlyxRYfDRJJMCKz60lfaM5QTixQpoXdlbAR1ZShzShvQ/i6lPwPzdOSZ/n6rFi7yOLIwSEcwQl4UIEaXEEdGsAghAd4gmdHO4/Oi/O6aF1yspkD+CHn7RMOfpCQ</latexit><latexit sha1_base64="EgFEIQp6gBb6ySTsWVs+achpjkM=">AAAB8HicdZBNSwMxEIZn/az1q+rRS7AInsquFVpvRS8eK9gPaZeSTdM2NJtdklmxLP0VXjwo4tWf481/Y9quoKIvBB7emSEzbxBLYdB1P5yl5ZXVtfXcRn5za3tnt7C33zRRohlvsEhGuh1Qw6VQvIECJW/HmtMwkLwVjC9n9dYd10ZE6gYnMfdDOlRiIBhFa912kd9jWp96vULRLble9bxcIRbmyqBcJl7mFCFTvVd47/YjloRcIZPUmI7nxuinVKNgkk/z3cTwmLIxHfKORUVDbvx0vvCUHFunTwaRtk8hmbvfJ1IaGjMJA9sZUhyZ37WZ+Vetk+Cg6qdCxQlyxRYfDRJJMCKz60lfaM5QTixQpoXdlbAR1ZShzShvQ/i6lPwPzdOSZ/n6rFi7yOLIwSEcwQl4UIEaXEEdGsAghAd4gmdHO4/Oi/O6aF1yspkD+CHn7RMOfpCQ</latexit>
P3
<latexit sha1_base64="xgANVOrbC3wAFWuAcO1NgVkJlrw=">AAAB8HicdZDLSgMxFIYzXmu9VV26CRbBVZlxhNZd0Y3LCvYi7VAyaaYNTTJDckYsQ5/CjQtF3Po47nwb03YEFf0h8PGfc8g5f5gIbsB1P5yl5ZXVtfXCRnFza3tnt7S33zJxqilr0ljEuhMSwwRXrAkcBOskmhEZCtYOx5ezevuOacNjdQOThAWSDBWPOCVgrdsesHvIGlO/Xyq7FdernftVbGGuHHwfe7lTRrka/dJ7bxDTVDIFVBBjup6bQJARDZwKNi32UsMSQsdkyLoWFZHMBNl84Sk+ts4AR7G2TwGeu98nMiKNmcjQdkoCI/O7NjP/qnVTiGpBxlWSAlN08VGUCgwxnl2PB1wzCmJigVDN7a6YjogmFGxGRRvC16X4f2idVjzL12fl+kUeRwEdoiN0gjxURXV0hRqoiSiS6AE9oWdHO4/Oi/O6aF1y8pkD9EPO2ycRhpCS</latexit><latexit sha1_base64="xgANVOrbC3wAFWuAcO1NgVkJlrw=">AAAB8HicdZDLSgMxFIYzXmu9VV26CRbBVZlxhNZd0Y3LCvYi7VAyaaYNTTJDckYsQ5/CjQtF3Po47nwb03YEFf0h8PGfc8g5f5gIbsB1P5yl5ZXVtfXCRnFza3tnt7S33zJxqilr0ljEuhMSwwRXrAkcBOskmhEZCtYOx5ezevuOacNjdQOThAWSDBWPOCVgrdsesHvIGlO/Xyq7FdernftVbGGuHHwfe7lTRrka/dJ7bxDTVDIFVBBjup6bQJARDZwKNi32UsMSQsdkyLoWFZHMBNl84Sk+ts4AR7G2TwGeu98nMiKNmcjQdkoCI/O7NjP/qnVTiGpBxlWSAlN08VGUCgwxnl2PB1wzCmJigVDN7a6YjogmFGxGRRvC16X4f2idVjzL12fl+kUeRwEdoiN0gjxURXV0hRqoiSiS6AE9oWdHO4/Oi/O6aF1y8pkD9EPO2ycRhpCS</latexit><latexit sha1_base64="xgANVOrbC3wAFWuAcO1NgVkJlrw=">AAAB8HicdZDLSgMxFIYzXmu9VV26CRbBVZlxhNZd0Y3LCvYi7VAyaaYNTTJDckYsQ5/CjQtF3Po47nwb03YEFf0h8PGfc8g5f5gIbsB1P5yl5ZXVtfXCRnFza3tnt7S33zJxqilr0ljEuhMSwwRXrAkcBOskmhEZCtYOx5ezevuOacNjdQOThAWSDBWPOCVgrdsesHvIGlO/Xyq7FdernftVbGGuHHwfe7lTRrka/dJ7bxDTVDIFVBBjup6bQJARDZwKNi32UsMSQsdkyLoWFZHMBNl84Sk+ts4AR7G2TwGeu98nMiKNmcjQdkoCI/O7NjP/qnVTiGpBxlWSAlN08VGUCgwxnl2PB1wzCmJigVDN7a6YjogmFGxGRRvC16X4f2idVjzL12fl+kUeRwEdoiN0gjxURXV0hRqoiSiS6AE9oWdHO4/Oi/O6aF1y8pkD9EPO2ycRhpCS</latexit><latexit sha1_base64="xgANVOrbC3wAFWuAcO1NgVkJlrw=">AAAB8HicdZDLSgMxFIYzXmu9VV26CRbBVZlxhNZd0Y3LCvYi7VAyaaYNTTJDckYsQ5/CjQtF3Po47nwb03YEFf0h8PGfc8g5f5gIbsB1P5yl5ZXVtfXCRnFza3tnt7S33zJxqilr0ljEuhMSwwRXrAkcBOskmhEZCtYOx5ezevuOacNjdQOThAWSDBWPOCVgrdsesHvIGlO/Xyq7FdernftVbGGuHHwfe7lTRrka/dJ7bxDTVDIFVBBjup6bQJARDZwKNi32UsMSQsdkyLoWFZHMBNl84Sk+ts4AR7G2TwGeu98nMiKNmcjQdkoCI/O7NjP/qnVTiGpBxlWSAlN08VGUCgwxnl2PB1wzCmJigVDN7a6YjogmFGxGRRvC16X4f2idVjzL12fl+kUeRwEdoiN0gjxURXV0hRqoiSiS6AE9oWdHO4/Oi/O6aF1y8pkD9EPO2ycRhpCS</latexit>
P5
<latexit sha1_base64="25pButYs6FRTbbQdt9VqNetvVDc=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbAIrsqMVVp3RTcuK9iLtEPJpJk2NMkMyRmxDH0KNy4UcevjuPNtTNsRVPSHwMd/ziHn/EEsuAHX/XByS8srq2v59cLG5tb2TnF3r2WiRFPWpJGIdCcghgmuWBM4CNaJNSMyEKwdjC9n9fYd04ZH6gYmMfMlGSoeckrAWrc9YPeQNqZn/WLJLbte7bxSxRbmyqBSwV7mlFCmRr/43htENJFMARXEmK7nxuCnRAOngk0LvcSwmNAxGbKuRUUkM346X3iKj6wzwGGk7VOA5+73iZRIYyYysJ2SwMj8rs3Mv2rdBMKan3IVJ8AUXXwUJgJDhGfX4wHXjIKYWCBUc7srpiOiCQWbUcGG8HUp/h9aJ2XP8vVpqX6RxZFHB+gQHSMPVVEdXaEGaiKKJHpAT+jZ0c6j8+K8LlpzTjazj37IefsEFI6QlA==</latexit><latexit sha1_base64="25pButYs6FRTbbQdt9VqNetvVDc=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbAIrsqMVVp3RTcuK9iLtEPJpJk2NMkMyRmxDH0KNy4UcevjuPNtTNsRVPSHwMd/ziHn/EEsuAHX/XByS8srq2v59cLG5tb2TnF3r2WiRFPWpJGIdCcghgmuWBM4CNaJNSMyEKwdjC9n9fYd04ZH6gYmMfMlGSoeckrAWrc9YPeQNqZn/WLJLbte7bxSxRbmyqBSwV7mlFCmRr/43htENJFMARXEmK7nxuCnRAOngk0LvcSwmNAxGbKuRUUkM346X3iKj6wzwGGk7VOA5+73iZRIYyYysJ2SwMj8rs3Mv2rdBMKan3IVJ8AUXXwUJgJDhGfX4wHXjIKYWCBUc7srpiOiCQWbUcGG8HUp/h9aJ2XP8vVpqX6RxZFHB+gQHSMPVVEdXaEGaiKKJHpAT+jZ0c6j8+K8LlpzTjazj37IefsEFI6QlA==</latexit><latexit sha1_base64="25pButYs6FRTbbQdt9VqNetvVDc=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbAIrsqMVVp3RTcuK9iLtEPJpJk2NMkMyRmxDH0KNy4UcevjuPNtTNsRVPSHwMd/ziHn/EEsuAHX/XByS8srq2v59cLG5tb2TnF3r2WiRFPWpJGIdCcghgmuWBM4CNaJNSMyEKwdjC9n9fYd04ZH6gYmMfMlGSoeckrAWrc9YPeQNqZn/WLJLbte7bxSxRbmyqBSwV7mlFCmRr/43htENJFMARXEmK7nxuCnRAOngk0LvcSwmNAxGbKuRUUkM346X3iKj6wzwGGk7VOA5+73iZRIYyYysJ2SwMj8rs3Mv2rdBMKan3IVJ8AUXXwUJgJDhGfX4wHXjIKYWCBUc7srpiOiCQWbUcGG8HUp/h9aJ2XP8vVpqX6RxZFHB+gQHSMPVVEdXaEGaiKKJHpAT+jZ0c6j8+K8LlpzTjazj37IefsEFI6QlA==</latexit><latexit sha1_base64="25pButYs6FRTbbQdt9VqNetvVDc=">AAAB8HicdZDLSgMxFIYz9VbrrerSTbAIrsqMVVp3RTcuK9iLtEPJpJk2NMkMyRmxDH0KNy4UcevjuPNtTNsRVPSHwMd/ziHn/EEsuAHX/XByS8srq2v59cLG5tb2TnF3r2WiRFPWpJGIdCcghgmuWBM4CNaJNSMyEKwdjC9n9fYd04ZH6gYmMfMlGSoeckrAWrc9YPeQNqZn/WLJLbte7bxSxRbmyqBSwV7mlFCmRr/43htENJFMARXEmK7nxuCnRAOngk0LvcSwmNAxGbKuRUUkM346X3iKj6wzwGGk7VOA5+73iZRIYyYysJ2SwMj8rs3Mv2rdBMKan3IVJ8AUXXwUJgJDhGfX4wHXjIKYWCBUc7srpiOiCQWbUcGG8HUp/h9aJ2XP8vVpqX6RxZFHB+gQHSMPVVEdXaEGaiKKJHpAT+jZ0c6j8+K8LlpzTjazj37IefsEFI6QlA==</latexit>
P7
<latexit sha1_base64="2B8tdcFJ5RCRrJCXUmg5U+emsZM=">AAAB8HicdZBNSwMxEIazftb6VfXoJVgET2XXCq23ohePFeyHtEvJptM2NNldklmxLP0VXjwo4tWf481/Y9quoKIvBB7emSEzbxBLYdB1P5yl5ZXVtfXcRn5za3tnt7C33zRRojk0eCQj3Q6YASlCaKBACe1YA1OBhFYwvpzVW3egjYjCG5zE4Cs2DMVAcIbWuu0i3GNan1Z6haJbcr3qeblCLcyVQblMvcwpkkz1XuG92494oiBELpkxHc+N0U+ZRsElTPPdxEDM+JgNoWMxZAqMn84XntJj6/TpINL2hUjn7veJlCljJiqwnYrhyPyuzcy/ap0EB1U/FWGcIIR88dEgkRQjOrue9oUGjnJigXEt7K6Uj5hmHG1GeRvC16X0f2ieljzL12fF2kUWR44ckiNyQjxSITVyReqkQThR5IE8kWdHO4/Oi/O6aF1yspkD8kPO2ycXlpCW</latexit><latexit sha1_base64="2B8tdcFJ5RCRrJCXUmg5U+emsZM=">AAAB8HicdZBNSwMxEIazftb6VfXoJVgET2XXCq23ohePFeyHtEvJptM2NNldklmxLP0VXjwo4tWf481/Y9quoKIvBB7emSEzbxBLYdB1P5yl5ZXVtfXcRn5za3tnt7C33zRRojk0eCQj3Q6YASlCaKBACe1YA1OBhFYwvpzVW3egjYjCG5zE4Cs2DMVAcIbWuu0i3GNan1Z6haJbcr3qeblCLcyVQblMvcwpkkz1XuG92494oiBELpkxHc+N0U+ZRsElTPPdxEDM+JgNoWMxZAqMn84XntJj6/TpINL2hUjn7veJlCljJiqwnYrhyPyuzcy/ap0EB1U/FWGcIIR88dEgkRQjOrue9oUGjnJigXEt7K6Uj5hmHG1GeRvC16X0f2ieljzL12fF2kUWR44ckiNyQjxSITVyReqkQThR5IE8kWdHO4/Oi/O6aF1yspkD8kPO2ycXlpCW</latexit><latexit sha1_base64="2B8tdcFJ5RCRrJCXUmg5U+emsZM=">AAAB8HicdZBNSwMxEIazftb6VfXoJVgET2XXCq23ohePFeyHtEvJptM2NNldklmxLP0VXjwo4tWf481/Y9quoKIvBB7emSEzbxBLYdB1P5yl5ZXVtfXcRn5za3tnt7C33zRRojk0eCQj3Q6YASlCaKBACe1YA1OBhFYwvpzVW3egjYjCG5zE4Cs2DMVAcIbWuu0i3GNan1Z6haJbcr3qeblCLcyVQblMvcwpkkz1XuG92494oiBELpkxHc+N0U+ZRsElTPPdxEDM+JgNoWMxZAqMn84XntJj6/TpINL2hUjn7veJlCljJiqwnYrhyPyuzcy/ap0EB1U/FWGcIIR88dEgkRQjOrue9oUGjnJigXEt7K6Uj5hmHG1GeRvC16X0f2ieljzL12fF2kUWR44ckiNyQjxSITVyReqkQThR5IE8kWdHO4/Oi/O6aF1yspkD8kPO2ycXlpCW</latexit><latexit sha1_base64="2B8tdcFJ5RCRrJCXUmg5U+emsZM=">AAAB8HicdZBNSwMxEIazftb6VfXoJVgET2XXCq23ohePFeyHtEvJptM2NNldklmxLP0VXjwo4tWf481/Y9quoKIvBB7emSEzbxBLYdB1P5yl5ZXVtfXcRn5za3tnt7C33zRRojk0eCQj3Q6YASlCaKBACe1YA1OBhFYwvpzVW3egjYjCG5zE4Cs2DMVAcIbWuu0i3GNan1Z6haJbcr3qeblCLcyVQblMvcwpkkz1XuG92494oiBELpkxHc+N0U+ZRsElTPPdxEDM+JgNoWMxZAqMn84XntJj6/TpINL2hUjn7veJlCljJiqwnYrhyPyuzcy/ap0EB1U/FWGcIIR88dEgkRQjOrue9oUGjnJigXEt7K6Uj5hmHG1GeRvC16X0f2ieljzL12fF2kUWR44ckiNyQjxSITVyReqkQThR5IE8kWdHO4/Oi/O6aF1yspkD8kPO2ycXlpCW</latexit>
(a) Initial problem set up
1.0
<latexit sha1_base64="olf+U7CtfdJUUJHZ9A 0WbbHqi2s=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/B iwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+A Sm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9eDXvL5b9WreXGQV/AKqUKjRd796g4RlMUr DBNW663upCXKqDGcCp5VepjGlbEyH2LUoaYw6yOerTsmZdQYkSpR90pC5+3sip7HWkzi0nTE1I71cm5 n/1bqZia6DnMs0MyjZ4qMoE8QkZHY3GXCFzIiJBcoUt7sSNqKKMmPTqdgQ/OWTV6F1UfMt319W6zdFHG U4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+yPn8AVOAjSc=</latexit><latexit sha1_base64="olf+U7CtfdJUUJHZ9A 0WbbHqi2s=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/B iwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+A Sm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9eDXvL5b9WreXGQV/AKqUKjRd796g4RlMUr DBNW663upCXKqDGcCp5VepjGlbEyH2LUoaYw6yOerTsmZdQYkSpR90pC5+3sip7HWkzi0nTE1I71cm5 n/1bqZia6DnMs0MyjZ4qMoE8QkZHY3GXCFzIiJBcoUt7sSNqKKMmPTqdgQ/OWTV6F1UfMt319W6zdFHG U4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+yPn8AVOAjSc=</latexit><latexit sha1_base64="olf+U7CtfdJUUJHZ9A 0WbbHqi2s=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/B iwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+A Sm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9eDXvL5b9WreXGQV/AKqUKjRd796g4RlMUr DBNW663upCXKqDGcCp5VepjGlbEyH2LUoaYw6yOerTsmZdQYkSpR90pC5+3sip7HWkzi0nTE1I71cm5 n/1bqZia6DnMs0MyjZ4qMoE8QkZHY3GXCFzIiJBcoUt7sSNqKKMmPTqdgQ/OWTV6F1UfMt319W6zdFHG U4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+yPn8AVOAjSc=</latexit><latexit sha1_base64="olf+U7CtfdJUUJHZ9A 0WbbHqi2s=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/B iwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+A Sm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9eDXvL5b9WreXGQV/AKqUKjRd796g4RlMUr DBNW663upCXKqDGcCp5VepjGlbEyH2LUoaYw6yOerTsmZdQYkSpR90pC5+3sip7HWkzi0nTE1I71cm5 n/1bqZia6DnMs0MyjZ4qMoE8QkZHY3GXCFzIiJBcoUt7sSNqKKMmPTqdgQ/OWTV6F1UfMt319W6zdFHG U4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0lpxi5hj+yPn8AVOAjSc=</latexit>
x<latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit><latexit sha1_base64="IArQpDG4Gw7Ax+5Wri9CZWKD4Bo=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxBfsBbSib7aRdu9mE3Y1YQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5EpXks780kQT+iQ8lDzqixVuOpX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu1mzyOIpzAKZyDB1dQgzuoQxMYIDzDK7w5D86L8+58LFoLTj5zDH/kfP4A5juM/A==</latexit>
y
<latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit><latexit sha1_base64="kBWpEtbVW3xlz0t9EJbdPDfcZn0=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigh6LXjy2YD+gDWWznbRrN5uwuxFC6C/w4kERr/4kb/4bt20O2vrCwsM7M+zMGySCa+O6387a+sbm1nZpp7y7t39wWDk6bus4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjerd55QaR7LB5Ml6Ed0JHnIGTXWamaDStWtuXORVfAKqEKhxqDy1R/GLI1QGiao1j3PTYyfU2U4Ezgt91ONCWUTOsKeRUkj1H4+X3RKzq0zJGGs7JOGzN3fEzmNtM6iwHZG1Iz1cm1m/lfrpSa88XMuk9SgZIuPwlQQE5PZ1WTIFTIjMguUKW53JWxMFWXGZlO2IXjLJ69C+7LmWW5eVeu3RRwlOIUzuAAPrqEO99CAFjBAeIZXeHMenRfn3flYtK45xcwJ/JHz+QPnv4z9</latexit> 0.3
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<latexit sha1_base64="9RKTCdtGLHElHJ10C/pnycRi8dI=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2pVSPRS8eK7htoV1KNs22odnskswKpfQ3ePGgiFd/kDf/jWm7B219IfDwzgyZecNUCoOu++0UNja3tneKu6W9/YPDo/LxScskmWbcZ4lMdCekhkuhuI8CJe+kmtM4lLwdju/m9fYT10Yk6hEnKQ9iOlQiEoyitXyvWq/V++WKW3UXIuvg5VCBXM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy0qGnMTTBfLzsiFdQYkSrR9CsnC/T0xpbExkzi0nTHFkVmtzc3/at0Mo5tgKlSaIVds+VGUSYIJmV9OBkJzhnJigTIt7K6EjaimDG0+JRuCt3ryOrSuqp7lh1qlcZvHUYQzOIdL8OAaGnAPTfCBgYBneIU3RzkvzrvzsWwtOPnMKfyR8/kDSH+Nqw==</latexit><latexit sha1_base64="9RKTCdtGLHElHJ10C/pnycRi8dI=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2pVSPRS8eK7htoV1KNs22odnskswKpfQ3ePGgiFd/kDf/jWm7B219IfDwzgyZecNUCoOu++0UNja3tneKu6W9/YPDo/LxScskmWbcZ4lMdCekhkuhuI8CJe+kmtM4lLwdju/m9fYT10Yk6hEnKQ9iOlQiEoyitXyvWq/V++WKW3UXIuvg5VCBXM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy0qGnMTTBfLzsiFdQYkSrR9CsnC/T0xpbExkzi0nTHFkVmtzc3/at0Mo5tgKlSaIVds+VGUSYIJmV9OBkJzhnJigTIt7K6EjaimDG0+JRuCt3ryOrSuqp7lh1qlcZvHUYQzOIdL8OAaGnAPTfCBgYBneIU3RzkvzrvzsWwtOPnMKfyR8/kDSH+Nqw==</latexit><latexit sha1_base64="9RKTCdtGLHElHJ10C/pnycRi8dI=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2pVSPRS8eK7htoV1KNs22odnskswKpfQ3ePGgiFd/kDf/jWm7B219IfDwzgyZecNUCoOu++0UNja3tneKu6W9/YPDo/LxScskmWbcZ4lMdCekhkuhuI8CJe+kmtM4lLwdju/m9fYT10Yk6hEnKQ9iOlQiEoyitXyvWq/V++WKW3UXIuvg5VCBXM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy0qGnMTTBfLzsiFdQYkSrR9CsnC/T0xpbExkzi0nTHFkVmtzc3/at0Mo5tgKlSaIVds+VGUSYIJmV9OBkJzhnJigTIt7K6EjaimDG0+JRuCt3ryOrSuqp7lh1qlcZvHUYQzOIdL8OAaGnAPTfCBgYBneIU3RzkvzrvzsWwtOPnMKfyR8/kDSH+Nqw==</latexit><latexit sha1_base64="9RKTCdtGLHElHJ10C/pnycRi8dI=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2pVSPRS8eK7htoV1KNs22odnskswKpfQ3ePGgiFd/kDf/jWm7B219IfDwzgyZecNUCoOu++0UNja3tneKu6W9/YPDo/LxScskmWbcZ4lMdCekhkuhuI8CJe+kmtM4lLwdju/m9fYT10Yk6hEnKQ9iOlQiEoyitXyvWq/V++WKW3UXIuvg5VCBXM1++as3SFgWc4VMUmO6nptiMKUaBZN8VuplhqeUjemQdy0qGnMTTBfLzsiFdQYkSrR9CsnC/T0xpbExkzi0nTHFkVmtzc3/at0Mo5tgKlSaIVds+VGUSYIJmV9OBkJzhnJigTIt7K6EjaimDG0+JRuCt3ryOrSuqp7lh1qlcZvHUYQzOIdL8OAaGnAPTfCBgYBneIU3RzkvzrvzsWwtOPnMKfyR8/kDSH+Nqw==</latexit>
H4<latexit sha1_base64="D/2+SaSje4LoYij2N11iMEhW1iU=">AAAB8HicdVDLSgNBEJz1GeMr6tHLYBA8LbPJiskt6CXHCOYhyRJmJ5NkyOyDmV4xLPkKLx4U8ernePNvnE0iqGhBQ1HVTXeXH0uhgZAPa2V1bX1jM7eV397Z3dsvHBy2dJQoxpsskpHq+FRzKULeBAGSd2LFaeBL3vYnV5nfvuNKiyi8gWnMvYCOQjEUjIKRbnvA7yGtz9x+oUjsKnFcUsbEdiolUqpmxC075y52bDJHES3R6Bfee4OIJQEPgUmqddchMXgpVSCY5LN8L9E8pmxCR7xraEgDrr10fvAMnxplgIeRMhUCnqvfJ1IaaD0NfNMZUBjr314m/uV1ExhWvFSEcQI8ZItFw0RiiHD2PR4IxRnIqSGUKWFuxWxMFWVgMsqbEL4+xf+TVsl2DL92i7XLZRw5dIxO0Bly0AWqoTpqoCZiKEAP6Ak9W8p6tF6s10XrirWcOUI/YL19AidxkKI=</latexit><latexit sha1_base64="D/2+SaSje4LoYij2N11iMEhW1iU=">AAAB8HicdVDLSgNBEJz1GeMr6tHLYBA8LbPJiskt6CXHCOYhyRJmJ5NkyOyDmV4xLPkKLx4U8ernePNvnE0iqGhBQ1HVTXeXH0uhgZAPa2V1bX1jM7eV397Z3dsvHBy2dJQoxpsskpHq+FRzKULeBAGSd2LFaeBL3vYnV5nfvuNKiyi8gWnMvYCOQjEUjIKRbnvA7yGtz9x+oUjsKnFcUsbEdiolUqpmxC075y52bDJHES3R6Bfee4OIJQEPgUmqddchMXgpVSCY5LN8L9E8pmxCR7xraEgDrr10fvAMnxplgIeRMhUCnqvfJ1IaaD0NfNMZUBjr314m/uV1ExhWvFSEcQI8ZItFw0RiiHD2PR4IxRnIqSGUKWFuxWxMFWVgMsqbEL4+xf+TVsl2DL92i7XLZRw5dIxO0Bly0AWqoTpqoCZiKEAP6Ak9W8p6tF6s10XrirWcOUI/YL19AidxkKI=</latexit><latexit sha1_base64="D/2+SaSje4LoYij2N11iMEhW1iU=">AAAB8HicdVDLSgNBEJz1GeMr6tHLYBA8LbPJiskt6CXHCOYhyRJmJ5NkyOyDmV4xLPkKLx4U8ernePNvnE0iqGhBQ1HVTXeXH0uhgZAPa2V1bX1jM7eV397Z3dsvHBy2dJQoxpsskpHq+FRzKULeBAGSd2LFaeBL3vYnV5nfvuNKiyi8gWnMvYCOQjEUjIKRbnvA7yGtz9x+oUjsKnFcUsbEdiolUqpmxC075y52bDJHES3R6Bfee4OIJQEPgUmqddchMXgpVSCY5LN8L9E8pmxCR7xraEgDrr10fvAMnxplgIeRMhUCnqvfJ1IaaD0NfNMZUBjr314m/uV1ExhWvFSEcQI8ZItFw0RiiHD2PR4IxRnIqSGUKWFuxWxMFWVgMsqbEL4+xf+TVsl2DL92i7XLZRw5dIxO0Bly0AWqoTpqoCZiKEAP6Ak9W8p6tF6s10XrirWcOUI/YL19AidxkKI=</latexit><latexit sha1_base64="D/2+SaSje4LoYij2N11iMEhW1iU=">AAAB8HicdVDLSgNBEJz1GeMr6tHLYBA8LbPJiskt6CXHCOYhyRJmJ5NkyOyDmV4xLPkKLx4U8ernePNvnE0iqGhBQ1HVTXeXH0uhgZAPa2V1bX1jM7eV397Z3dsvHBy2dJQoxpsskpHq+FRzKULeBAGSd2LFaeBL3vYnV5nfvuNKiyi8gWnMvYCOQjEUjIKRbnvA7yGtz9x+oUjsKnFcUsbEdiolUqpmxC075y52bDJHES3R6Bfee4OIJQEPgUmqddchMXgpVSCY5LN8L9E8pmxCR7xraEgDrr10fvAMnxplgIeRMhUCnqvfJ1IaaD0NfNMZUBjr314m/uV1ExhWvFSEcQI8ZItFw0RiiHD2PR4IxRnIqSGUKWFuxWxMFWVgMsqbEL4+xf+TVsl2DL92i7XLZRw5dIxO0Bly0AWqoTpqoCZiKEAP6Ak9W8p6tF6s10XrirWcOUI/YL19AidxkKI=</latexit>
Water
<latexit sha1_base64="Z21eRTa4sYq2AIwa2U17m7v68qo=">AAAB83icdZDLSgNBEEV74ivGV9Slm8YguAozRkjcBd24jGAekBlCT6cmadLzoLtGDEN+w40LRdz6M+78GzvJCCp6oeFwq4qqvn4ihUbb/rAKK6tr6xvFzdLW9s7uXnn/oKPjVHFo81jGquczDVJE0EaBEnqJAhb6Err+5Gpe796B0iKObnGagBeyUSQCwRkay3UR7jHrMgQ1G5QrdtV2Ghe1OjWwUA61GnVyp0JytQbld3cY8zSECLlkWvcdO0EvYwoFlzAruamGhPEJG0HfYMRC0F62uHlGT4wzpEGszIuQLtzvExkLtZ6GvukMGY7179rc/KvWTzFoeJmIkhQh4stFQSopxnQeAB0KBRzl1ADjSphbKR8zxbjJQJdMCF8/pf9D56zqGL45rzQv8ziK5Igck1PikDppkmvSIm3CSUIeyBN5tlLr0XqxXpetBSufOSQ/ZL19AtMMkjA=</latexit><latexit sha1_base64="Z21eRTa4sYq2AIwa2U17m7v68qo=">AAAB83icdZDLSgNBEEV74ivGV9Slm8YguAozRkjcBd24jGAekBlCT6cmadLzoLtGDEN+w40LRdz6M+78GzvJCCp6oeFwq4qqvn4ihUbb/rAKK6tr6xvFzdLW9s7uXnn/oKPjVHFo81jGquczDVJE0EaBEnqJAhb6Err+5Gpe796B0iKObnGagBeyUSQCwRkay3UR7jHrMgQ1G5QrdtV2Ghe1OjWwUA61GnVyp0JytQbld3cY8zSECLlkWvcdO0EvYwoFlzAruamGhPEJG0HfYMRC0F62uHlGT4wzpEGszIuQLtzvExkLtZ6GvukMGY7179rc/KvWTzFoeJmIkhQh4stFQSopxnQeAB0KBRzl1ADjSphbKR8zxbjJQJdMCF8/pf9D56zqGL45rzQv8ziK5Igck1PikDppkmvSIm3CSUIeyBN5tlLr0XqxXpetBSufOSQ/ZL19AtMMkjA=</latexit><latexit sha1_base64="Z21eRTa4sYq2AIwa2U17m7v68qo=">AAAB83icdZDLSgNBEEV74ivGV9Slm8YguAozRkjcBd24jGAekBlCT6cmadLzoLtGDEN+w40LRdz6M+78GzvJCCp6oeFwq4qqvn4ihUbb/rAKK6tr6xvFzdLW9s7uXnn/oKPjVHFo81jGquczDVJE0EaBEnqJAhb6Err+5Gpe796B0iKObnGagBeyUSQCwRkay3UR7jHrMgQ1G5QrdtV2Ghe1OjWwUA61GnVyp0JytQbld3cY8zSECLlkWvcdO0EvYwoFlzAruamGhPEJG0HfYMRC0F62uHlGT4wzpEGszIuQLtzvExkLtZ6GvukMGY7179rc/KvWTzFoeJmIkhQh4stFQSopxnQeAB0KBRzl1ADjSphbKR8zxbjJQJdMCF8/pf9D56zqGL45rzQv8ziK5Igck1PikDppkmvSIm3CSUIeyBN5tlLr0XqxXpetBSufOSQ/ZL19AtMMkjA=</latexit><latexit sha1_base64="Z21eRTa4sYq2AIwa2U17m7v68qo=">AAAB83icdZDLSgNBEEV74ivGV9Slm8YguAozRkjcBd24jGAekBlCT6cmadLzoLtGDEN+w40LRdz6M+78GzvJCCp6oeFwq4qqvn4ihUbb/rAKK6tr6xvFzdLW9s7uXnn/oKPjVHFo81jGquczDVJE0EaBEnqJAhb6Err+5Gpe796B0iKObnGagBeyUSQCwRkay3UR7jHrMgQ1G5QrdtV2Ghe1OjWwUA61GnVyp0JytQbld3cY8zSECLlkWvcdO0EvYwoFlzAruamGhPEJG0HfYMRC0F62uHlGT4wzpEGszIuQLtzvExkLtZ6GvukMGY7179rc/KvWTzFoeJmIkhQh4stFQSopxnQeAB0KBRzl1ADjSphbKR8zxbjJQJdMCF8/pf9D56zqGL45rzQv8ziK5Igck1PikDppkmvSIm3CSUIeyBN5tlLr0XqxXpetBSufOSQ/ZL19AtMMkjA=</latexit>
3.22
<latexit sha1_base64="UCL7yOnJYUYy24Jcx2my+YjGAmM=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuCozrdC6K7pxWcFeoB1KJs20oUlmSDJCGfoKblwo4tYXcufbmGlHUNEfAh//OYec8wcxZ9q47odTWFvf2Nwqbpd2dvf2D8qHR10dJYrQDol4pPoB1pQzSTuGGU77saJYBJz2gtl1Vu/dU6VZJO/MPKa+wBPJQkawyax6tVYblStu1fWal/UGsrBUDvU68nKnArnao/L7cByRRFBpCMdaDzw3Nn6KlWGE00VpmGgaYzLDEzqwKLGg2k+Xuy7QmXXGKIyUfdKgpft9IsVC67kIbKfAZqp/1zLzr9ogMWHTT5mME0MlWX0UJhyZCGWHozFTlBg+t4CJYnZXRKZYYWJsPCUbwtel6H/o1qqe5duLSusqj6MIJ3AK5+BBA1pwA23oAIEpPMATPDvCeXRenNdVa8HJZ47hh5y3T/yxjYk=</latexit><latexit sha1_base64="UCL7yOnJYUYy24Jcx2my+YjGAmM=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuCozrdC6K7pxWcFeoB1KJs20oUlmSDJCGfoKblwo4tYXcufbmGlHUNEfAh//OYec8wcxZ9q47odTWFvf2Nwqbpd2dvf2D8qHR10dJYrQDol4pPoB1pQzSTuGGU77saJYBJz2gtl1Vu/dU6VZJO/MPKa+wBPJQkawyax6tVYblStu1fWal/UGsrBUDvU68nKnArnao/L7cByRRFBpCMdaDzw3Nn6KlWGE00VpmGgaYzLDEzqwKLGg2k+Xuy7QmXXGKIyUfdKgpft9IsVC67kIbKfAZqp/1zLzr9ogMWHTT5mME0MlWX0UJhyZCGWHozFTlBg+t4CJYnZXRKZYYWJsPCUbwtel6H/o1qqe5duLSusqj6MIJ3AK5+BBA1pwA23oAIEpPMATPDvCeXRenNdVa8HJZ47hh5y3T/yxjYk=</latexit><latexit sha1_base64="UCL7yOnJYUYy24Jcx2my+YjGAmM=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuCozrdC6K7pxWcFeoB1KJs20oUlmSDJCGfoKblwo4tYXcufbmGlHUNEfAh//OYec8wcxZ9q47odTWFvf2Nwqbpd2dvf2D8qHR10dJYrQDol4pPoB1pQzSTuGGU77saJYBJz2gtl1Vu/dU6VZJO/MPKa+wBPJQkawyax6tVYblStu1fWal/UGsrBUDvU68nKnArnao/L7cByRRFBpCMdaDzw3Nn6KlWGE00VpmGgaYzLDEzqwKLGg2k+Xuy7QmXXGKIyUfdKgpft9IsVC67kIbKfAZqp/1zLzr9ogMWHTT5mME0MlWX0UJhyZCGWHozFTlBg+t4CJYnZXRKZYYWJsPCUbwtel6H/o1qqe5duLSusqj6MIJ3AK5+BBA1pwA23oAIEpPMATPDvCeXRenNdVa8HJZ47hh5y3T/yxjYk=</latexit><latexit sha1_base64="UCL7yOnJYUYy24Jcx2my+YjGAmM=">AAAB63icdZDLSgMxFIbP1Futt6pLN8EiuCozrdC6K7pxWcFeoB1KJs20oUlmSDJCGfoKblwo4tYXcufbmGlHUNEfAh//OYec8wcxZ9q47odTWFvf2Nwqbpd2dvf2D8qHR10dJYrQDol4pPoB1pQzSTuGGU77saJYBJz2gtl1Vu/dU6VZJO/MPKa+wBPJQkawyax6tVYblStu1fWal/UGsrBUDvU68nKnArnao/L7cByRRFBpCMdaDzw3Nn6KlWGE00VpmGgaYzLDEzqwKLGg2k+Xuy7QmXXGKIyUfdKgpft9IsVC67kIbKfAZqp/1zLzr9ogMWHTT5mME0MlWX0UJhyZCGWHozFTlBg+t4CJYnZXRKZYYWJsPCUbwtel6H/o1qqe5duLSusqj6MIJ3AK5+BBA1pwA23oAIEpPMATPDvCeXRenNdVa8HJZ47hh5y3T/yxjYk=</latexit>
(b) Top view
1.0
<latexit sha1_base64="olf+U7CtfdJUUJHZ9A0WbbHqi2s=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTu ltfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9eDXvL5b9WreXGQV/AKqUKjRd796g4RlMUrDBNW663upCXKqDGcCp5VepjGlbEyH2LUoaYw6yOerTsmZdQYkSpR90pC5+3sip7HWkzi0nTE1I71cm5n/1bqZia6DnMs0MyjZ4qMoE8QkZHY3GXCFzIiJBcoUt7sSNqKKMmPTqdgQ/OWTV6F1UfMt319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0l pxi5hj+yPn8AVOAjSc=</latexit><latexit sha1_base64="olf+U7CtfdJUUJHZ9A0WbbHqi2s=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTu ltfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9eDXvL5b9WreXGQV/AKqUKjRd796g4RlMUrDBNW663upCXKqDGcCp5VepjGlbEyH2LUoaYw6yOerTsmZdQYkSpR90pC5+3sip7HWkzi0nTE1I71cm5n/1bqZia6DnMs0MyjZ4qMoE8QkZHY3GXCFzIiJBcoUt7sSNqKKMmPTqdgQ/OWTV6F1UfMt319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0l pxi5hj+yPn8AVOAjSc=</latexit><latexit sha1_base64="olf+U7CtfdJUUJHZ9A0WbbHqi2s=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTu ltfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9eDXvL5b9WreXGQV/AKqUKjRd796g4RlMUrDBNW663upCXKqDGcCp5VepjGlbEyH2LUoaYw6yOerTsmZdQYkSpR90pC5+3sip7HWkzi0nTE1I71cm5n/1bqZia6DnMs0MyjZ4qMoE8QkZHY3GXCFzIiJBcoUt7sSNqKKMmPTqdgQ/OWTV6F1UfMt319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0l pxi5hj+yPn8AVOAjSc=</latexit><latexit sha1_base64="olf+U7CtfdJUUJHZ9A0WbbHqi2s=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTu ltfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9eDXvL5b9WreXGQV/AKqUKjRd796g4RlMUrDBNW663upCXKqDGcCp5VepjGlbEyH2LUoaYw6yOerTsmZdQYkSpR90pC5+3sip7HWkzi0nTE1I71cm5n/1bqZia6DnMs0MyjZ4qMoE8QkZHY3GXCFzIiJBcoUt7sSNqKKMmPTqdgQ/OWTV6F1UfMt319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOcF+fd+Vi0l pxi5hj+yPn8AVOAjSc=</latexit>
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(c) Side view
Figure 25: Sketches of the initial problem set up for a water column impacting a stationary rectangular object; (a) 3D view
specifying the size of the domain and the locations of the pressure sensors P1, P3, P5, and P7 (×, black) on the surface of
the body; (b) top view and (c) side view indicating the dimensions and locations of the water column (blue) and the obstacle
(orange), along with the locations of the water height probes H2 and H4.
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(a) t = 0.00 (b) t = 0.36
(c) t = 0.68 (d) t = 0.96
(e) t = 1.28 (f) t = 1.43
(g) t = 1.72 (h) t = 2.98
Figure 26: Temporal evolution of a water column impacting a rectangular object at eight different time instances.
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Figure 27: Temporal evolution of pressure measured at probes (a) P1, (b) P3, (c) P5, and (d) P7, for a 3D water column
impacting a stationary obstacle (see Fig. 25 and Table 2); (•, yellow) experimental data from MARIN; (---, red) simulation
data from Kleefsman et al. [78]; (-·-, blue) simulation data from Pathak and Raessi [19]; (—, black) present simulation data.
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Figure 28: Temporal evolution of water height measured at probes (a) H2, and (b) H4 for a 3D water column impacting a
stationary obstacle (see Fig. 25 and Table 2); (•, yellow) experimental data from MARIN; (---, red) simulation data from
Kleefsman et al. [78]; (-·-, blue) simulation data from Pathak and Raessi [19]; (—, black) present simulation data.
can yield inaccurate results. To mitigate these parasitic currents, we described a well-balanced formulation
of the gravitational body force based on the density of the “flowing” phases. Additionally, we demonstrated
the importance of consistent mass and momentum transport to eliminate numerical instabilities for high
density ratio flows, which have long plagued the multiphase flow community.
We also presented a level set method based numerical wave tank implementation. Second-order Stokes
waves were generated by using inlet velocity boundary conditions. Wave reflection and wave interference
effects were mitigated by the use of a wave damping zone. Although not shown in this paper, we also
generated waves using a relaxation procedure instead of inlet velocity boundary conditions, but found the
results to be very similar. Generation of more complex waves including fifth order Stokes [81], cnoidal [82],
focused [83], and random waves based upon sea and ocean spectra [84] are already underway. Moreover, all
of the code development is open-source.
Because we presented results for relatively simple geometries, constructive solid geometry concepts to
compute the signed distance function to the surface of the immersed body sufficed. Our code also has
the ability to compute the signed distance functions from CAD and STL files directly. Moreover, the
implementation allows for a finite element representation of the immersed body instead of unconnected
Lagrangian markers. These extensions allow for complex geometries (such as WECs) to be represented
on Cartesian grids. Further, the solution methodology can be augmented with a RANS or LES turbulence
model [85, 86, 87], which would enable simulations of many important industrial and engineering applications
such as high inertia vehicles, wave-energy converter devices, and windmills.
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